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Abstract 


The subject of this thesis are various ways to construct four-dimensional quantum held 
theories from string theory. 

In a hrst part we study the generation of a supersymmetric Yang-Mills theory, 
coupled to an adjoint chiral superheld, from type IIB string theory on non-compact 
Calabi-Yau manifolds, with D-branes wrapping certain subcycles. Properties of the 
gauge theory are then mapped to the geometric structure of the Calabi-Yau space. 
In particular, the low energy effective superpotential, governing the vacuum structure 
of the gauge theory, can in principle be calculated from the open (topological) string 
theory. Unfortunately, in practice this is not feasible. Quite interestingly, however, 
it turns out that the low energy dynamics of the gauge theory is captured by the 
geometry of another non-compact Calabi-Yau manifold, which is related to the original 
Calabi-Yau by a geometric transition. Type IIB string theory on this second Calabi- 
Yau manifold, with additional background fluxes switched on, then generates a four¬ 
dimensional gauge theory, which is nothing but the low energy effective theory of the 
original gauge theory. As to derive the low energy effective superpotential one then 
only has to evaluate certain integrals on the second Calabi-Yau geometry. This can 
be done, at least perturbatively, and we find that the notoriously difficult task of 
studying the low energy dynamics of a non-Abelian gauge theory has been mapped 
to calculating integrals in a well-known geometry. It turns out, that these integrals 
are intimately related to quantities in holomorphic matrix models, and therefore the 
effective super potential can be rewritten in terms of matrix model expressions. Even 
if the Calabi-Yau geometry is too complicated to evaluate the geometric integrals 
explicitly, one can then always use matrix model perturbation theory to calculate the 
effective superpotential. 

This intriguing picture has been worked out by a number of authors over the last 
years. The original results of this thesis comprise the precise form of the special geome¬ 
try relations on local Calabi-Yau manifolds. We analyse in detail the cut-off dependence 
of these geometric integrals, as well as their relation to the matrix model free energy. 
In particular, on local Calabi-Yau manifolds we propose a pairing between forms and 
cycles, which removes all divergences apart from the logarithmic one. The detailed 
analysis of the holomorphic matrix model leads to a clarihcation of several points re¬ 
lated to its saddle point expansion. In particular, we show that requiring the planar 
spectral density to be real leads to a restriction of the shape of Riemann surfaces, that 
appears in the planar limit of the matrix model. This in turns constrains the form of 
the contour along which the eigenvalues have to be integrated. All these results are 
used to exactly calculate the planar free energy of a matrix model with cubic potential. 

The second part of this work covers the generation of four-dimensional super- 
symmetric gauge theories, carrying several important characteristic features of the 
standard model, from compactihcations of eleven-dimensional supergravity on G 2 - 
manifolds. If the latter contain conical singularities, chiral fermions are present in 



the four-dimensional gauge theory, which potentially lead to anomalies. We show 
that, locally at each singularity, these anomalies are cancelled by the non-invariance 
of the classical action through a mechanism called “anomaly inflow”. Unfortunately, 
no explicit metric of a compact G 2 -manifold is known. Here we construct families of 
metrics on compact weak G 2 -manifolds, which contain two conical singularities. Weak 
G 2 -manifolds have properties that are similar to the ones of proper G 2 -manifolds, and 
hence the explicit examples might be useful to better understand the generic situation. 
Finally, we reconsider the relation between eleven-dimensional supergravity and the 
Ug X Ug-heterotic string. This is done by carefully studying the anomalies that appear 
if the supergravity theory is formulated on a ten-manifold times the interval. Again 
we hnd that the anomalies cancel locally at the boundaries of the interval through 
anomaly inflow, provided one suitably modihes the classical action. 
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Chapter 1 

Setting the Stage 


Wer sich nicht mehr wundern, 
nicht mehr staunen kann, 
der ist sozusagen tot 
und sein Auge erloschen. 

A. Einstein 

When exactly one hundred years ago Albert Einstein published his famous articles 
on the theory of special relativity [50], Brownian motion [51] and the photoelectric 
effect [52], their tremendous impact on theoretical physics could not yet be foreseen. 
Indeed, the development of the two pillars of modern theoretical physics, the theory of 
general relativity and the quantum theory of fields, was strongly influenced by these 
publications. If we look back today, it is amazing to see how much we have learned 
during the course of the last one hundred years. Thanks to Einstein’s general relativity 
we have a much better understanding of the concepts of space, time and the gravita¬ 
tional force. Quantum mechanics and quantum field theory, on the other hand, provide 
us with a set of physical laws which describe the dynamics of elementary particles at 
a subatomic scale. These theories have been tested many times, and always perfect 
agreement with experiment has been found [1]. Unfortunately, their unihcation into 
a quantum theory of gravity has turned out to be extremely difficult. Although it 
is common conviction that a unified mathematical framework describing both gravity 
and quantum phenomena should exist, it seems to be still out of reach. One reason for 
the difficulties is the fundamentally different nature of the physical concepts involved. 
Whereas relativity is a theory of space-time, which does not tell us much about matter, 
quantum field theory is formulated in a fixed background space-time and deals with 
the nature and interactions of elementary particles. In most of the current approaches 
to a theory of quantum gravity one starts from quantum field theory and then tries 
to extend and generalise the concepts to make them applicable to gravity. A notable 
exception is the field of loop quantum gravity^, where the starting point is general 

^For a recent review from a string theory perspective and an extensive list of references see [112]. 
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relativity. However, given the conceptual differences it seems quite likely that one has 
to leave the familiar grounds of either quantum field theory or relativity and try to 
think of something fundamentally new. 

Although many of its concepts are very similar to the ones appearing in quantum 
field theory, string theory [68], [117] is a branch of modern high energy physics that 
understands itself as being in the tradition of both quantum field theory and relativity. 
Also, it is quite certainly the by far most radical proposition for a unihed theory. 
Although its basic ideas seem to be harmless - one simply assumes that elementary 
particles do not have a point-like but rather a string-like structure - the consequences 
are dramatic. Probably the most unusual prediction of string theory is the existence 
of ten space-time dimensions. 

As to understand the tradition on which string theory is based and the intuition 
that is being used, it might be helpful to comment on some of the major developments 
in theoretical physics during the last one hundred years. Quite generally, this might be 
done by thinking of a physical process as being decomposable into the scene on which 
it takes place and the actors which participate in the play. Thinking about the scene 
means thinking about the fundamental nature of space and time, described by general 
relativity. The actors are elementary particles that interact according to a set of rules 
given by quantum held theory. It is the task of a unihed theory to think of scene and 
actors as of two interdependent parts of the successful play of nature. 

High energy physics in a nutshell 

Special relativity tells us how we should properly think of space and time. From a 
modern point of view it can be understood as the insight that our world is a 

topologically trivial four-dimensional space carrying a hat metric, i.e. one for which 
all components of the Riemann tensor vanish, with signature (—,-f,-f,-|-). Physical 
laws should then be formulated as tensor equations on this four-dimensional space. 
In this formulation it becomes manifest that a physical process is independent of the 
coordinate system in which it is described. 

General relativity [53] then extends these ideas to cases where one allows for a metric 
with non-vanishing Riemann tensor. On curved manifolds the directional derivatives 
of a tensor along a vector in general will not be tensors, but one has to introduce 
connections and covariant derivatives to be able to write down tensor equations. In¬ 
terestingly, given a metric a very natural connection and covariant derivative can be 
constructed. Another complication that appears in general relativity is the fact that 
the metric itself is a dynamical field, and hence there should be a corresponding tensor 
field equation which describes its dynamics. This equation is know as the Einstein 
equation and it belongs to the most important equations of physics. It is quite in¬ 
teresting to note that the nature of space-time changes drastically when going from 
special to general relativity. Whereas in the former theory space-time is a rigid spec¬ 
tator on which physical theories can be formulated, this is no longer true if we allow 
for general metrics. The metric is both a dynamical field and it describes the space in 
which dynamical processes are formulated. It is this double role that makes the theory 
of gravity so intriguing and complicated. 
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Einstein’s explanation of the photoelectric effect made use of the quantum nature of 
electro-magnetic waves, which had been the main ingredient to derive Planck’s formula 
for black body radiation, and therefore was one major step towards the development of 
quantum mechanics. As is well known, this theory of atomic and subatomic phenomena 
was developed during the hrst decades of the twentieth century by Sommerfeld, Bohr, 
Heisenberg, Schodinger, Dirac, Pauli and many others.^ It describes a physical system 
(in the Schrodinger picture) as a time-dependent state in some Hilbert space with a 
unitary time evolution that is determined by the Hamilton operator, which is specihc 
to the system. Observables are represented by operators acting on the Hilbert space, 
and the measurable quantities are the eigenvalues of these operators. The probability 
(density) of measuring an eigenvalue is given by the modulus square of the system state 
vector projected onto the eigenspace corresponding to the eigenvalue. Shortly after the 
measurement the physical state is described by an eigenvector of the operator. This 
phenomenon is known as the collapse of the wave function and here unitarity seems to 
be lost. However, it is probably fair to say that the measurement process has not yet 
been fully understood. 

In the late nineteen forties one realised that the way to combine the concepts of 
special relativity and quantum mechanics was in terms of a quantum theory of helds^. 
The dynamics of such a theory is encoded in an action S, and the generating functional 
of correlation functions is given as the path integral of integrated over all the helds 
appearing in the action. In the beginning these theories had been plagued by inhnities, 
and only after these had been understood and the concept of renormalisation had been 
introduced did it turn into a powerful calculational tool. Scattering cross sections and 
decay rates of particles could then be predicted and compared to experimental data. 
The structure of this theoretical framework was further explored in the nineteen hfties 
and sixties and, together with experimental results, which had been collected in more 
and more powerful accelerators and detectors, culminated in the formulation of the 
standard model of particle physics. This theory elegantly combines the strong, the 
electro-magnetic and the weak force and accounts for all the particles that have been 
observed so far. The Higgs boson, a particle that is responsible for the mass of some of 
the other constituents of the model, is the only building block of the standard model 
that has not yet been discovered. One of the major objectives of the Large Hadron 
Collider (LHC), which is currently being built at CERN in Geneva, is to hnd it and 
determine its properties. 

For many years all experimental results in particle physics could be explained from 
the standard model. However, very recently a phenomenon, known as neutrino oscil¬ 
lation, has been observed that seems to be inexplicable within this framework. The 
standard model contains three types of neutrinos, which do not carry charge or mass, 
and they only interact via the weak force. In particular, neutrinos cannot transform 
into each other. However, observations of neutrinos produced in the sun and the upper 
part of the atmosphere seem to indicate that transitions between the different types of 


list of many original references can be found in [37]. 

•^See [134] for a beautiful introduction and references to original work. 
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neutrinos do take place in nature, which is only possible if neutrinos carry mass. These 
experiments are not only interesting because the standard model has to be extended 
to account for these phenomena, but also because the mass of the neutrinos could 
be relevant for open questions in cosmology. Neutrinos are abundant in the universe 
and therefore, although their mass is tiny, they might contribute in a non-negligible 
way to the dark matter which is known to exist in our universe. Although interest¬ 
ing, since beyond the standard model, neutrino oscillation can be described by only 
slightly modifying the standard model action. Therefore, it does not seem to guide us 
in formulating a theory of quantum gravity. 

There are also some theoretical facts which indicate that after all the standard 
model has to be modihed. For some time it was believed that quantum held theories 
of the standard model type form the most general setting in which particle physics can 
be formulated. The reason is that combining some weak assumptions with the basic 
principles of relativity and quantum mechanics leads to no-go theorems which constrain 
the possible symmetries of the held theory. However, in the middle of the nineteen 
seventies Wess and Zumino discovered that quantum held theories might carry an 
additional symmetry that relates bosonic and fermionic particles and which is known 
as supersymmetry [137], [138]. It was realised very soon that the no-go theorems had 
been to restrictive since they required the symmetry generators to form a Lie algebra. 
This can be generalised to generators forming a graded Lie algebra and it was then 
shown by Haag, Lopuszanski and Sohnius that the most general graded symmetry 
algebra consistent with the concepts of quantum held theory is the supersymmetry 
algebra. This provides a strong motivation to look for supersymmetry in our world 
since it would in some sense be amazing if nature had chosen not to use all the freedom 
that it has. On the classical level supersymmetry can also be applied to theories 
containing the metric which are then known as supergravity theories. Of course one 
might ask whether it was simply the lack of this additional supersymmetry that made 
the problem of quantising gravity so hard. However, unfortunately it turns out that 
these problems persist in supergravity theories. In order to hnd a consistent quantum 
theory of gravity which contains the standard model one therefore has to proceed even 
further. 

Another important fact, which has to be explained by a unihed theory, is the dif¬ 
ference between the Planck scale of 10^® GeV (or the GUT scale at 10^® GeV) and the 
preferred scale of electro-weak theory, which lies at about 10^ GeV. The lack of under¬ 
standing of this huge difference of scales is known as the hierarchy problem. Finally 
it is interesting to see what happens if one tries to estimate the value of the cosmo¬ 
logical constant from quantum held theory. The result is by 120 orders of magnitude 
off the measured value! This cosmological constant problem is another challenge for a 
consistent quantum theory of gravity. 

Mathematical rigour and experimental data 

Physics is a science that tries to formulate abstract mathematical laws from observing 
natural phenomena. The experimental setup and its theoretical description are highly 
interdependent. However, whereas it had been the experiments that guided theoretical 
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insight for centuries, the situation is quite different today. Clearly, Einstein’s 1905 
papers were still motivated by experiments - Brownian motion and the photoelectric 
effect had been directly observed, and, although the Michelson-Morley experiment 
was much more indirect, it hnally excluded the ether hypotheses thus giving way for 
Einstein’s ground breaking theory. Similarly, quantum mechanics was developed as 
very many data of atomic and subatomic phenomena became available and had to be 
described in terms of a mathematical theory. The explanation of the energy levels 
in the hydrogen atom from quantum mechanics is among the most beautiful pieces 
of physics. The questions that are answered by quantum held theory are already 
more abstract. The theory is an ideal tool to calculate the results of collisions in a 
particle accelerator. However, modern accelerators are expensive and tremendously 
complicated technical devices. It takes years, sometimes decades to plan and build 
them. Therefore, it is very important to perform theoretical calculations beforehand 
and to try to predict interesting phenomena from the mathematical consistency of the 
theory. Based on these calculations one then has to decide which machine one should 
build and which phenomena one should study, in order to extract as much information 
on the structure of nature as possible. 

An even more radical step had already been taken at the beginning of the twentieth 
century with the development of general relativity. There were virtually no experimen¬ 
tal results, but relativity was developed from weak physical assumptions together with 
a stringent logic and an ingenious mathematical formalism. It is probably fair to say 
that Einstein was the hrst theoretical physicist in a modern sense, since his reasoning 
used mathematical rigour rather than experimental data. 

Today physics is confronted with the strange situation that virtually any experiment 
can be explained from known theories, but these theories are themselves known to be 
incomplete. Since the gravitational force is so weak, it is very difficult to enter the 
regime where (classical) general relativity is expected to break down. On the other 
hand, the energy scales where one expects new phenomena to occur in particle physics 
are so high that they can only be observed in huge and expensive accelerators. The 
scales proposed by string theory are even way beyond energy scales that can be reached 
using standard machines. Therefore, today physics is forced to proceed more or less 
along the lines of Einstein, using pure thought and mathematical consistency. This 
path is undoubtedly difficult and dangerous. As we know from special and general 
relativity, a correct result can be extremely counterintuitive, so a seemingly unphysical 
theory, like string theory with its extra dimensions, should not be easily discarded. On 
the other hand physics has to be aware of the fact that hnally its purpose is to explain 
experimental data and to quantitatively predict new phenomena. The importance 
of experiments cannot be overemphasised and much effort has to be spent in setting 
up ingenious experiments which might tell us something new about the structure of 
nature. This is a natural point where one could delve into philosophical considerations. 
For example one might muse about how Heisenberg’s positivism has been turned on 
the top of its head, but I will refrain from this and rather turn to the development of 
string theory. 
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The development of string theory 

String theory was originally developed as a model to understand the nature of the 
strong force in the late sixties. However, when Quantum Chromodynamics (QCD) 
came up it was quickly abandoned, with only very few people still working on strings. 
One of the first important developments was the insight of Joel Scherk and John 
Schwarz that the massless spin two particle that appears in string theory can be in¬ 
terpreted as the graviton, and that string theory might actually be a quantum theory 
of gravitation [120]. However, it was only in 1984 when string theory started to at¬ 
tract the attention of a wider group of theoretical physicists. At that time it had 
become clear that a symmetry of a classical field theory does not necessarily translate 
to the quantum level. If the symmetry is lost one speaks of an anomaly. Since local 
gauge and gravitational symmetries are necessary for the consistency of the theory, 
the requirement of anomaly freedom of a quantum held theory became a crucial issue. 
Building up on the seminal paper on gravitational anomalies [13] by Alvarez-Gaume 
and Witten, Green and Schwarz showed in their 1984 publication [67] that M = 1 su¬ 
pergravity coupled to super Yang-Mills theory in ten dimensions is free of anomalies, 
provided the gauge group of the Yang-Mills theory is either SO{32) or Eg x Eg. The 
anomaly freedom of the action was ensured by adding a local counterterm, now known 
as the Green-Schwarz term. Quite remarkably, both these supergravity theories can 
be understood as low energy effective theories of (ten-dimensional) superstring theo¬ 
ries, namely the Type I string with gauge group S'O(32) and the heterotic string with 
gauge group S'O(32) or Eg x Eg. The heterotic string was constructed shortly after 
the appearance of the Green-Schwarz paper in [73]. This discovery triggered what is 
know as the hrst string revolution. In the years to follow string theory was analysed 
in great detail, and it was shown that effective theories in four dimensions with A/” = 1 
supersymmetry can be obtained by compactifying type I or heterotic string theories 
on Calabi-Yau manifolds. These are compact Kahler manifolds that carry a Ricci-flat 
metric and therefore have SU{3) as holonomy group. Four-dimensional effective ac¬ 
tions with A/" = 1 supersymmetry are interesting since they provide a framework within 
which the above mentioned hierarchy problem can be resolved. Calabi-Yau manifolds 
were studied intensely, because many of their properties influence the structure of the 
effective four-dimensional held theory. A major discovery of mathematical interest was 
the fact that for a Calabi-Yau manifold X with Hodge numbers /i^’^(Y) and 
there exists a mirror manifold Y with = h^’^(X) and hf’^{Y) = h^’^(Y). Fur¬ 

thermore, it turned out that the compactihcation of yet another string theory, known 
as Type HA, on X leads to the same effective theory in four dimensions as a hfth 
string theory. Type HB, on Y. This fact is extremely useful, since quantities related 
to moduli of the complex structure on a Calabi-Yau manifold can be calculated from 
integrals in the Calabi-Yau geometry. Quantities related to the Kahler moduli on the 
other hand obtain corrections from world-sheet instantons and are therefore very hard 
to compute. Mirror symmetry then tells us that the Kahler quantities of X can be 
obtained from geometric integrals on Y. For a detailed exposition of mirror symmetry 
containing many references see [81]. 

Equally important for string theory was the discovery that string compactihcations 
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on singular Calabi-Yau manifold make sense and that there are smooth paths in the 
space of string compactifications along which the topology of the internal manifold 
changes [69]. All these observations indicate that stringy geometry is quite different 
from the point particle geometry we are used to. 

Another crucial development in string theory was Polchinski’s discovery of D-branes 
[118]. These are extended objects on which open strings can end. Their existence can 
be inferred by exploiting a very nice symmetry in string theory, known as T-duality. 
In the simplest case of the bosonic string it states that string theory compactified 
on a circle of radius R is isomorphic to the same theory on a circle of radius l/R, 
provided the momentum quantum numbers and the winding numbers are exchanged. 
Note that here once again the different notion of geometry in string theory becomes 
apparent. One of the many reasons why D-branes are useful is that they can be used 
to understand black holes in string theory and to calculate their entropy. 

There also has been progress in the development of quantum field theory. For 
example Seiberg and Witten in 1994 exactly solved the four-dimensional low-energy 
effective M = 2 theory with gauge group SU{2) [122]. The corresponding action is 
governed by a holomorphic function JF, which they calculated from some auxiliary 
geometry. Interestingly, one can understand this geometry as part of a Calabi-Yau 
compactification and the Seiberg-Witten solution can be embedded into string theory 
in a beautiful way. 

Originally, hve different consistent string theories had been constructed: Type I 
with gauge group SO {32), Type IIA, Type IIB and the heterotic string with gauge 
groups SO{32) and Es x Eg. In the middle of the nineties is became clear, however, 
that these theories, together with eleven-dimensional supergravity, are all related by 
dualities and therefore are part of one more fundamental theory, that was dubbed M- 
theory [149]. Although the elementary degrees of freedom of this theory still remain to 
be understood, a lot of evidence for its existence has been accumulated. The discovery 
of these dualities triggered renewed interest in string theory, which is known today as 
the second string revolution. 

Another extremely interesting duality, discovered by Maldacena and known as the 
AdS/CFT correspondence [101], [74], [151], relates Type IIB theory on the space 
AdS^ X and a four-dimensional A/” = 4 supersymmetric conformal held theory on 
four-dimensional Minkowski space. Intuitively this duality can be understood from 
the fact that IIB supergravity has a brane solution which interpolates between ten¬ 
dimensional Minkowski space and AdS^ x S^. This brane solution is thought to be 
the supergravity description of a D3-brane. Consider a stack of D3-branes in ten¬ 
dimensional Minkowski space. This system can be described in various ways. One can 
either consider the effective theory on the world-volume of the branes which is indeed 
an A/” = 4 SCFT or one might want to know how the space backreacts on the presence 
of the branes. The backreaction is described by the brane solution which, close to the 
location of the brane, is AdS^ x S^. 

Recent developments in string theory 

String theory is a vast held and very many interesting aspects have been studied in 
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this context. In the following a quick overview of the subjects that are going to be 
covered in this thesis will be given. 

After it had become clear that string theories are related to eleven-dimensional su¬ 
pergravity, it was natural to analyse the seven-dimensional space on which one needs 
to compactify to obtain an interesting four-dimensional theory with the right amount 
of supersymmetry. It is generally expected that the four-dimensional effective field 
theory should live on Minkowski space and carry Af = 1 supersymmetry. Compactifi- 
cation to Minkowski space requires the internal manifold to carry a Ricci-flat metric. 
From a careful analysis of the supersymmetry transformations one finds that the vac¬ 
uum is invariant under four supercharges if and only if the internal manifold carries 
one covariantly constant spinor. Ricci-flat seven-dimensional manifolds carrying one 
covariantly constant spinor are called G 2 -nianifolds. Indeed, one can show that their 
holonomy group is the exceptional group G 2 - Like Calabi-Yau compactihcations in the 
eighties, G 2 -compacti£cations have been analysed in much detail recently. An inter¬ 
esting question is of course, whether one can construct standard model type theories 
from compactihcations of eleven-dimensional supergravity on G 2 -manifolds. Charac¬ 
teristic features of the standard model are the existence of non-Abelian gauge groups 
and of chiral fermions. Both these properties turn out to be difficult to obtain from 
G 2 -compacti£cations. In order to generate them, one has to introduce singularities in 
the G 2 -mcinifolds. Another important question, which arises once a chiral theory is 
constructed, is whether it is free of anomalies. Indeed, the anomaly freedom of held 
theories arising in string theory is a crucial issue and gives important consistency con¬ 
straints. The anomalies in the context of G 2 -nianifolds have been analysed, and the 
theories have been found to be anomaly free, if one introduces an extra term into the 
ehective action of eleven-dimensional supergravity. Interestingly, this term reduces to 
the standard Green-Schwarz term when compactihed on a circle. Of course, this extra 
term is not specific to G 2 -compactihcations, but it has to be understood as a hrst 
quantum correction of the classical action of eleven-dimensional supergravity. In fact, 
it was hrst discovered in the context of anomaly cancellation for the M5-brane [48], 
|150]. 

Another important development that took place over the last years is the construc¬ 
tion of realistic held theories from Type II string theory. In general, if one compactihes 
Type II on a Calabi-Yau manifold one obtains an A/” = 2 ehective held theory. How¬ 
ever, if D-branes wrap certain cycles in the internal manifold they break half of the 
supersymmetry. The same is true for suitably adjusted huxes, and so one has new 
possibilities to construct Af = 1 theories. Very interestingly, compactihcations with 
huxes and compactihcations with branes turn out to be related by what is known as 
geometric transition. As to understand this phenomenon recall that a singularity of 
complex codimension three in a complex three-dimensional manifold can be smoothed 
out in two diherent ways. In mathematical language these are know as the small reso¬ 
lution and the deformation of the singularity. In the former case the singular point is 
replaced by a two-sphere of finite volume, whereas in the latter case it is replaced by a 
three-sphere. If the volume of either the two- or the three-sphere shrinks to zero one 
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obtains the singular space. The term “geometric transition” now describes the process 
in which one goes from one smooth space through the singularity to the other one. It 
is now interesting to see what happens if we compactify Type IIB string theory on two 
Calabi-Yau manifolds that are related by such a transition. Since one is interested in 
M = 1 effective theories it is suitable to add either fluxes or branes in order to further 
break supersymmetry. It is then very natural to introduce D5-branes wrapping the 
two-spheres in the case of the small resolution of the singularity. The manifold with 
a deformed singularity has no suitable cycles around which D-branes might wrap, so 
we are forced to switch on flux in order to break supersymmetry. In fact, we can, very 
similar in spirit to the AdS/CFT correspondence, consider the deformed manifold as 
the way the geometry backreacts on the presence of the branes. This relation between 
string theory with flux or branes on topologically different manifolds is by itself al¬ 
ready very exciting. However, the story gets even more interesting if we consider the 
effective theories generated from these compactihcations. In the brane setup with N 
D5-branes wrapping the two-cycle we hud an A/” = 1 theory with gauge group U{N) 
in four dimensions. At low energies this theory is believed to confine and the suit¬ 
able description then is in terms of a chiral superheld S, which contains the gaugino 
bilinear. Quite interestingly, it has been shown that it is precisely this low energy 
effective action which is generated by the compactihcation on the deformed manifold. 
In a sense, the geometric transition and the low energy description are equivalent. In 
particular, the effective superpotential of the low-energy theory can be calculated from 
geometric integrals on the deformed manifold. 

For a specihc choice of manifolds the structure gets even richer. In three influential 
publications, Dijkgraaf and Vafa showed that IIB on the resolved manifold is related 
to a holomorphic matrix model. Furthermore, from the planar limit of the model one 
can calculate terms in the low energy effective action of the U{N) A/” = 1 gauge theory. 
More precisely, the integrals in the deformed geometry are mapped to integrals in the 
matrix model, where they are shown to be related to the planar free energy. Since this 
free energy can be calculated from matrix model Feynman diagrams, one can use the 
matrix model to calculate the effective superpotential. 

Plan of this thesis 

My dissertation is organised in two parts. In the first part I explain the intriguing 
connection between four-dimensional supersymmetric gauge theories, type II string 
theories and matrix models. As discussed above, the main idea is that gauge theories 
can be “geometrically engineered” from type II string theories which are formulated 
on the direct product of a four-dimensional Minkowski space and a six-dimensional 
non-compact Calabi-Yau manifold. I start by reviewing some background material on 
effective actions in chapter 3. Chapter 4 lists some important properties of Riemann 
surfaces and Calabi-Yau manifolds. Furthermore, I provide a detailed description of 
local Calabi-Yau manifolds, which are the spaces that appear in the context of the ge¬ 
ometric transition. In particular, the fact that integrals of the holomorphic three-form 
on the local Calabi-Yau map to integrals of a meromorphic one-form on a correspond¬ 
ing Riemann surface is reviewed. In chapter 5 I study the holomorphic matrix model 
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1 Setting the Stage 


in some detail. I show how the planar limit and the saddle point approximation have 
to be understood in this setup, and how special geometry relations arise. Quite inter¬ 
estingly, the Riemann surface that appeared when integrating the holomorphic form 
on a local Calabi-Yau is the same as the one appearing in the planar limit of a suit¬ 
ably chosen matrix model. In chapter 7 I explain why the matrix model can be used 
to calculate integrals on a local Calabi-Yau manifold. The reason is that there is a 
relation between the open B-type topological string on the Calabi-Yau and the holo¬ 
morphic matrix model. All these pieces are then put together in chapter 6, where it is 
shown that the low energy effective action of a class of gauge theories can be obtained 
from integrals in the geometry of a certain non-compact Calabi-Yau manifold. After 
a specihc choice of cycles, only one of these integral is divergent. Since the integrals 
appear in the formula for the effective superpotential, this divergence has to be studied 
in detail. In fact, the integral contains a logarithmically divergent part, together with 
a polynomial divergence, and I show that the latter can be removed by adding an 
exact term to the holomorphic three-form. The logarithmic divergence cancels against 
a divergence in the coupling constant, leading to a hnite superpotential. Finally, I 
review how the matrix model can be used to calculate the effective superpotential. 

In the second part I present work done during the hrst half of my PhD about 
M-theory on G 2 -manifolds and (local) anomaly cancellation. I start with a short ex¬ 
position of the main properties of G 2 -manifolds, eleven-dimensional supergravity and 
anomalies. An important consistency check for chiral theories is the absence of anoma¬ 
lies. Since singular G 2 -manifolds can be used to generate standard model like chiral 
theories, anomaly freedom is an important issue. In chapter 10 it is shown that M- 
theory on singular G 2 -manifolds is indeed anomaly free. In this context it will be useful 
to discuss the concepts of global versus local anomaly cancellation. Then I explain the 
concept of weak G 2 -holonomy in chapter 11, and provide examples of explicit met¬ 
rics on compact singular manifolds with weak G 2 holonomy. Finally, in chapter 12 I 
study M-theory on Miq x /, with I an interval, which is known to be related to the 

X heterotic string. This setup is particularly fascinating, since new degrees of 
freedom living on the boundary of the space have to be introduced for the theory to 
be consistent. Once again a careful analysis using the concepts of local anomaly can¬ 
cellation leads to new results. These considerations will be brief, since some of them 
have been explained rather extensively in the following review article, which is a very 
much extended version of my diploma thesis: 

[P4] S. Metzger, M-theory compactifications, G^-manifolds and anomalies, 
hep-th/0308085 

In the appendices some background material is presented, which is necessary to 
understand the full picture. I start by explaining the notation that is being used 
throughout this thesis. Then I turn to some results in mathematics. The dehnition 
of divisors on Riemann surfaces is presented and the notion of relative (co-)homology 
is discussed. Both concepts will appear naturally in our discussion. Furthermore, I 



11 


quickly explain the Atiyah-Singer index theorem, which is important in the context 
of anomalies. One of the themes that seems to be omnipresent in the discussion is 
the concept of special geometry and of special Kahler manifolds. A detailed definition 
of special Kahler manifolds is given and their properties are worked out. Another 
central building block is the B-type topological string, and therefore I quickly review 
its construction. Finally, the concept of an anomaly is explained, and some of their 
properties are discussed. 
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Chapter 2 

Introduction and Overview 


The structure of the strong nuclear interactions is well know to be captured by Quan¬ 
tum Chromodynamics, a non-Abelian gauge theory with gauge group SU{3), which 
is embedded into the more general context of the standard model of particle physics. 
Although the underlying theory of the strong interactions is known, it is actually very 
hard to perform explicit calculations in the low-energy regime of this theory. The rea¬ 
son is, of course, the behaviour of the effective coupling constant of QCD, which goes 
to zero at high energies, an effect called asymptotic freedom, but becomes of order 1 at 
energies of about 200MeV. At this energy scale the perturbative expansion in the cou¬ 
pling constant breaks down, and it becomes much harder to extract information about 
the structure of the held theory. It is believed that the theory will show a property 
known as confinement, in which the quarks form colour neutral bound states, which 
are the particles one observes in experiments. Most of the information we currently 
have about this energy regime comes from numerical calculations in lattice QCD. Pure 
Yang-Mills theory is also asymptotically free and it is expected to behave similarly 
to QCD. In particular, at low energies the massless gluons combine to colour neutral 
bound states, known as gluehall fields, which are massive. Therefore, at low energies 
the microscopic degrees of freedom are irrelevant for a description of the theory, but it 
is the vacuum expectation values of composite helds which are physically interesting. 
These vacuum expectation values can be described by an effective potential that de¬ 
pends on the relevant low energy degrees of freedom. The expectation values can then 
be found from minimising the potential. 

Understanding the low energy dynamics of QCD is a formidable problem. On 
the other hand, it is known that A/” = 1 supersymmetric non-Abelian gauge theories 
share many properties with QCD. However, because of the higher symmetry, calcula¬ 
tions simplify considerably, and some exact results can be deduced for supersymmetric 
theories. They might therefore be considered as a tractable toy model for QCD. In 
addition, we mentioned already that indications exist that the action governing physics 
in our four-dimensional world might actually be supersymmetric. Studying supersym¬ 
metric held theories can therefore not only teach us something about QCD but it may 
after all be the correct description of nature. 

In order to make the basic ideas somewhat more concrete let us quickly consider 


14 


15 


the simplest example, namely M = 1 Yang-Mills theory with gauge group SU{N). 
The relevant degrees of freedom at low energy are captured by a chiral superheld S 
which contains the gaugino bilinear. The effective superpotential, hrst written down 
by Veneziano and Yankielowicz, reads 


WeffiS) = S 



+ N 


( 2 . 1 ) 


where A is the dynamical scale of the theory. The minima of the corresponding effective 
potential can be found by determining the critical points of the effective super potential. 
Indeed, from extremising the superpotential we hnd 

(S)^ = , ( 2 . 2 ) 


which is the correct result. All this will be explained in more detail in the main text. 

Over the last decades an intimate relation between supersymmetric held theories 
and string theory has been unveiled. Ten-dimensional supersymmetric theories appear 
as low energy limits of string theories and four-dimensional ones can be generated 
from string compactihcations. The structure of a supersymmetric held theory can 
then often be understood from the geometric properties of the manifolds appearing in 
the string context. This opens up the intriguing possibility that one might actually be 
able to learn something about the vacuum structure of four-dimensional held theories 
by studying geometric properties of certain string compactihcations. It is this idea 
that will be at the heart of the hrst part of this thesis. 


Gauge theory - string theory duality 

In fact, there is yet another intriguing relation between non-Abelian gauge theories 
and string theories that goes back to’t Hooft [80]. Let us consider the free energy of a 
non-Abelian gauge theory, which is known to be generated from connected Feynman 
diagrams, ’t Hooft’s idea was to introduce fatgraphs by representing an U{N) adjoint 
held as the direct product of a fundamental and an anti-fundamental representation, 
see Fig. 2.1. The free energy can then be calculated by summing over all connected 
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Figure 2.1: The propagator of an adjoint held can be represented as a fatgraph. 
The indices i,j then run from 1 to N. 

vacuum amplitudes, which are given in terms of fatgraph Feynman diagrams. By 

rescaling the helds one can rewrite the Lagrangian of the gauge theory in such a 

way that it is multiplied by an overall factor of This means that every vertex 

9ym 

comes with a factor pi—, whereas the propagators are multiplied by gyM- The gauge 
invariance of the Lagrangian manifests itself in the fact that all index lines form closed 
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2 Introduction and Overview 


(index) loops. For each index loop one has to sum over all possible indices which gives 
a factor of N. If E denotes the number of propagators in a given graph, V its vertices 
and F the number of index loops we hnd therefore that a given graph is multiplied by 

{9ymY = {91m)~^ = i9YMy^~^ ■ (2-3) 

\9ym / 

Here we dehned what is know as the ’t Hooft coupling, 

^ 9ym^ ■ (2-4) 

Furthermore, the Feynman diagram can be understood as the triangulation of some 
two-dimensional surface with F the number of faces, E the number of edges and V 
the number of vertices of the triangulation, see Fig. 2.2. Then the result follows 



Figure 2.2: The appearance of a Riemann surface for two fatgraphs. The first graph 
can be drawn on a sphere and, after having shrunk the fatgraph to a standard graph, 
it can be understood as its triangulation with three faces, two edges and one vertex. 
The second graph, on the other hand, can be drawn on a torus. The corresponding 
triangulation has two edges, one vertex and only one face. 

immediately from V — E + F = x = ‘^~ ‘^9i where g is the genus and y the Euler 
characteristic of the surface. Summing over these graphs gives the following expansion 
of the free energy 


OO OO 

Fgauge ^^2 t) = {9 ym)^^~^ + nou-perturbative . (2.5) 

g=0 h=l 

Here we slightly changed notation, using h instead of F. This is useful, since an open 
string theory has an expansion of precisely the same form, where now h is the number 
of holes in the world-sheet Riemann surface. Next we dehne 

OO 

h=l 


( 2 . 6 ) 
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which leads to 


pgauge ^ {9ymY^ ^ + non-pertuibative . (2.7) 

9=0 

In the’t Hooft limit gyj^ is small but t is fixed, so N has to be large. The result can 
now be compared to the well-known expansion of the free energy of a closed string 
theory, namely 


Fairing ^ ^ nou-perturbative . (2.8) 

9=0 

This leads us to the obvious question whether there exists a closed string theory which, 
when expanded in its coupling constant gs, calculates the free energy of our gauge 
theory, provided we identify 

9s ~ 9ym ■ (2-9) 

In other words, is there a closed string theory such that however, 

that = F|““®'^(t), so we can only find a reasonable mapping if the closed string 

theory depends on a parameter t. 

For some simple gauge theories the corresponding closed string theory has indeed 
been found. The most spectacular example of this phenomenon is the AdS/CFT 
correspondence. Here the gauge theory is four-dimensional A/” = 4 superconformal 
gauge theory with gauge group U{N) and the corresponding string theory is Type IIB 
on AdS^ X S^. However, in the following we want to concentrate on simpler examples of 
the gauge theory - string theory correspondence. One example is Chern-Simons theory 
on which is known to be dual to the A-type topological string on the resolved 
conifold. This duality will not be explained in detail but we will quickly review the 
main results at the end of this introduction. The second example is particularly simple, 
since the fields are independent of space and time and the gauge theory is a matrix 
model. To be more precise, we are interested in a holomorphic matrix model, which 
can be shown to be dual to the B-type closed topological string on some non-compact 
Calabi-Yau manifold. It will be part of our task to study these relations in more detail 
and to see how we can use them to extract even more information about the vacuum 
structure of the supersymmetric gauge theory. 

Gauge theories, the geometric transition and matrix models 

After these general preliminary remarks let us turn to the concrete model we want to 
study. Background material and many of the fine points are going to be be analysed 
in the main part of this thesis. Here we try to present the general picture and the 
relations between the various theories, see Fig. 2.3. 

To be specific, we want to analyse an A/” = 1 supersymmetric gauge theory with 
gauge group U{N). Its field content is given by a vector superfield V and an adjoint 
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Figure 2.3: A sketch of the relation of supersymmetric Yang-Mills theory with Type 
IIB string theory on non-compact Calabi-Yau manifolds and with the holomorphic 
matrix model. 


chiral superheld <h. The dynamics of the latter is governed by the tree-level superpo¬ 
tential 

n+1 

;=5]|tr<F" + r?o , (2.10) 

k=l 

with complex coefficients gk- Here, once again, we used the equivalence of the ad¬ 
joint representation of U{N) and the direct product of the fundamental and anti¬ 
fundamental representation, writing $ = Note that the degrees of freedom are the 
same as those in an A/” = 2 vector multiplet. In fact, we can understand the theory as 
an A/" = 2 theory that has been broken to A/” = 1 by switching on the superpotential 
( 2 . 10 ). 

It turns out that, in order to make contact with string theory, we have to expand the 
theory around one of its classical vacua. These vacua are obtained from distributing 
the eigenvalues of $ at the critical points^ of the superpotential, where W'{x) = 0. 

^The critical points of W are always taken to be non-degenerate in this thesis, i.e. if W'ip) = 0 
then W"{p) A 0. 
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Then a vacuum is specified by the numbers Ni of eigenvalues of <h sitting at the i-th 
critical point of W. Note that we distribute eigenvalues at all critical points of the 
superpotential. Of course, we have the constraint that ~ ^ vacuum 

the gauge group is broken from U{N) to nr=i 

It is this gauge theory, in this particular vacuum, that can be generated from string 
theory in a process known as geometric engineering. To construct it one starts from 
Type IIB string theory on some non-compact Calabi-Yau manifold X^esi which is given 
by the small resolutions of the singular points of^ 

W\xf + = t) ^ (2.11) 

where W{x) = X]fc=i + 9o- This space contains precisely n two-spheres from the 
resolution of the n singular points. One can now generate the gauge group and break 
M = 2 supersymmetry by introducing HS-branes wrapping these two-spheres. More 
precisely, we generate the theory in the specific vacuum with gauge group 
by wrapping D5-branes around the i-th two-sphere. The scalar fields in $ can then 
be understood as describing the position of the various branes and the superpotential 
is natural since D-branes have tension, i.e. they tend to wrap the minimal cycles 
in the non-compact Calabi-Yau manifold. The fact that, once pulled away from the 
minimal cycle, they want to minimise their energy by minimising their world-volume 
is expressed in terms of the superpotential on the gauge theory side. 

Mathematically the singularity (2.11) can be smoothed out in yet another way, 
namely by what is know as deformation. The resulting space Xdef can be described as 
an equation in 

W'^xY + fo{x) + , (2.12) 

where fo{x) is a polynomial of degree n — 1. In (2.12) the n two-spheres of (2.11) have 
been replaced by n three-spheres. The transformation of the resolution of a singularity 
into its deformation is know as geometric transition. 

Our central physical task is to learn something about the low energy limit of the 
four-dimensional U{N) gauge theory. Since X^es and X^ef are intimately related one 
might want to study Type IIB on X^ef- However, the resulting effective action has 
M = 2 supersymmetry and therefore cannot be related to our original M = 1 theory. 
There is, however, a heuristic but beautiful argument that leads us on the right track. 
The geometric transition is a local phenomenon, in which one only changes the space 
close to the singularity. Far from the singularity an observer should not even realise 
that the transition takes place. We know on the other hand, that D-branes act as 
sources for flux and an observer far from the brane can still measure the flux generated 
by the brane. If the branes disappear during the geometric transition we are therefore 
forced to switch on background flux on X^ef, which our observer far from the brane 
can measure. We are therefore led to analyse the effective field theory generated by 
Type IIB on X^ef in the presence of background flux. 

^The space Wes is going to be explained in detail in section 4.2, for a concise exposition of 
singularity theory see [15]. 
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The four-dimensional theory is A/” = 1 supersymmetric and has gauge group 
i.e. it contains n Abelian vector superfields. In addition there are also n chiral su¬ 
perfields denoted by^ S'j. Their scalar components describe the volumes of the n 
three-spheres T^i., which arose from deforming the singularity. Since the holomorphic 
(3, 0)-form which comes with every Calabi-Yau manifold, is a calibration'^ (i.e. it 
reduces to the volume form on suitable submanifolds such as T^J the volume can be 
calculated from 

Si= [ n . (2.13) 

■Jr A. 

Type IIB string theory is known to generate a four-dimensional superpotential in the 
presence of three-form flux G^, which is given by the Gukov-Vafa-Witten formula [75] 



( 2 . 14 ) 


Here T Bi is the three-cycle dual to T^i. 

Now we are in the position to formulate an amazing conjecture, first written down 
by Cachazo, Intriligator and Vafa [27]. It simply states that the theory generated from 
Xdef in the presence of fluxes is nothing but the effective low energy description of the 
theory generated from X^es in the presence of D-branes. Indeed, in the low energy limit 
one expects the SU{Ni) part of the U{Ni) gauge groups to confine. The theory should 
then be described by n chiral multiplets which contain the corresponding gaugino 
bilinears. The vacuum structure can be encoded in an effective superpotential. The 
claim is now that the n chiral superfields are nothing but the Si and that the effective 
superpotential is given by (2.14). In their original publication Cachazo, Intriligator 
and Vafa calculated the effective superpotential directly for the U{N) theory using 
field theory methods. On the other hand, the geometric integrals of (2.14) can be 
evaluated explicitly, at least for simple cases, and perfect agreement with the field 
theory results has been found. 


These insights are very profound since a difficult problem in quantum field theory 
has been rephrased in a beautiful geometric way in terms of a string theory. It turns 
out that one can extract even more information about the field theory by making use 
of the relation between Type II string theory compactified on a Calabi-Yau manifold 
and the topological string on this Calabi-Yau. It has been known for a long time 
that the topological string calculates terms in the effective action of the Calabi-Yau 
compactification [14], [20]. For example, if we consider the Type IIB string we know 
that the vector multiplet part of the four-dimensional effective action is determined 
from the prepotential of the moduli space of complex structures of the Calabi-Yau 

^Later on we will introduce fields Si, Si, Si with slightly different definitions. Since we are only 
interested in a sketch of the main arguments, we do not distinguish between these fields right now. 
Also, Si sometimes denotes the full chiral multiplet, and sometimes only its scalar component. It 
should always be clear from the context, which of the two is meant. 

precise definition of calibrations and calibrated submanifolds can be found in [85]. 
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manifold. But this function is nothing else than the genus zero free energy of the 
corresponding B-type topological string. Calculating the topological string free energy 
therefore gives information about the effective held theory. In the case we are interested 
in, with Type IIB compactihed on X^es with additional D5-branes, one has to study 
the open B-type topological string with topological branes wrapping the two-cycles 
of Xres- It can be shown [148] that in this case the corresponding string held theory 
reduces to holomorphic Chern-Simons theory and, for the particular case of Xres, this 
was shown by Dijkgraaf and Vafa [43] to simplify to a holomorphic matrix model with 
partition function 

Z = Cj^ j dMexp — triy(M)^ , (2.15) 

where the potential W{x) is given by the same function as the superpotential above. 
Here Qs is a coupling constant, N is the size of the matrices and is some normalisa¬ 
tion constant. Clearly, this is a particularly simple and tractable theory and one might 
ask whether one can use it to calculate interesting physical quantities. The holomor¬ 
phic matrix model had not been studied until very recently [95], and in our work [P5] 
some more of its subtleties have been unveiled. Similarly to the case of a Hermitean 
matrix model one can study the planar limit in which the size N of the matrices goes 
to inhnity, the coupling gs goes to zero and the product t := ggN is taken to be hxed. 
In this limit there appears a Riemann surface of the form 

= W'{xy + foix) , (2.16) 


which clearly is intimately related to Xdef- Indeed, as we will see below, the integrals 
in the geometry of Xdef, which appear in (2.14), can be mapped to integrals on the 
Riemann surface (2.16). These integrals in turn can be related to the free energy of the 
matrix model at genus zero, JFq- After this series of steps one is left with an explicit 
formula for the effective superpotential. 


W,„{S) ~ Y1 


2=1 


X 


dXoiS) 

dS, 


Si log - 2'iTiSiT 


(2.17) 


where dependence on S means dependence on all the Si. The constants A* and r will 
be explained below. The free energy can be decomposed into a perturbative and a 
non-perturbative part (c.f. Eq. (2.7)). Using monodromy arguments one can show 
that ~ SilogSi, and therefore 

~ E ‘“S (§) ■ , ( 2 . 18 ) 

where now JFq is the perturbative part of the free energy at genus zero, i.e. we can 
calculate it by summing over all the planar matrix model vacuum amplitudes. This 
gives a perturbative expansion of Wgff, which upon extremisation gives the vacuum 
gluino condensate (S). Thus using a long chain of dualities in type IIB string theory 
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we arrive at the beautiful result that the low energy dynamics and vacuum structure 
of a non-Abelian gauge theory can be obtained from perturbative calculations in a 
matrix model.® 


Chern-Simons theory and the Gopakumar-Vafa transition 

In the following chapters many of the points sketched so far are going to be made 
more precise by looking at the technical details and the precise calculations. However, 
before starting this endeavour, it might be useful to give a quick overview of what 
happens in the case of IIA string theory instead. As a matter of fact, in this context 
very many highly interesting results have been uncovered over the last years. The 
detailed exposition of these developments would certainly take us too far afield, but 
we consider it nevertheless useful to provide a quick overview of the most important 
results. For an excellent review including many references to original work see [103]. 
In fact, the results in the context of IIB string theory on which we want to report have 
been discovered only after ground breaking work in IIA string theory. The general 
picture is quite similar to what happens in Type IIB string theory, and it is sketched 
in Fig. 2.4. 



Figure 2.4: A sketch of the relation of supersymmetric Yang-Mills theory with Type 
IIA string theory on the conifold and with Chern-Simons theory. 


®In fact, this result can also be proven without making use of string theory and the geometric 
transition, see [42], [26]. 
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The starting point here is to consider the open A-model topological string on T*S^ 
with topological branes wrapped around the three-cycle at the center. Witten’s string 
field theory then does not reduce to holomorphic Chern-Simons theory, as is the case 
on the B-side, but to ordinary Chern-Simons theory [148], [145] on S^, 

S =-^ [ (AAdA+‘^AAAAA]. (2.19) 

47r Js3 \ 3 J 

To be more precise, Witten showed that the of the expansion (2.5) for Chern- 
Simons theory on equals the free energy of the open A-model topological string on 
T*S^ at genus g and h holes, The details of this procedure can be found in 

[148]. 

Of course, the space T*S^ is isomorphic to the deformed conifold, a space we want 
to call Cdef, which is given by 


= p . (2.20) 

Clearly, this is the deformation of the singularity 

= d . ( 2 . 21 ) 


As we have seen above, these singularities can be smoothed out in yet another way, 
namely by means of a small resolution. The resulting space is known as the resolved 
conifold and will be denoted by Ores- Both Cdef and Cres are going to be studied in 
detail in 4.2. Motivated by the AdS/CFT correspondence, in which a stack of branes in 
one space has a dual description in some other space without branes (but with fluxes), 
in [64], [65], [66] Gopakumar and Vafa studied whether there exists a dual closed string 
description of the open topological string on Cdef, and hence of Chern-Simons theory. 
This turns out to be the case and the dual theory is given by the closed topological 
A-model on Cres- To be somewhat more precise, the Gopakumar-Vafa conjecture 
states that Chern-Simons gauge theory on S'^ with gauge group SU[N) and level k is 
equivalent to the closed topological string of type A on the resolved conifold, provided 
we identify 


27r 2 2'KiN 

= - = K = - 

k + N ’ k + N 


( 2 . 22 ) 


where k is the Kahler modulus of the two-sphere appearing in the small resolution. 
Note that k = it where t = g'cs^ is the’t Hooft coupling. 

On the level of the partition function this conjecture was tested in [66]. Here we 
only sketch the main arguments, following [103]. The partition function = 

exp (—of SU{N) Chern-Simons theory on is known, including non-perturbative 
terms [145]. The free energy splits into a perturbative F'^^’P and a non-perturbative 
piece where the latter can be shown to be 


pCS,np 


log 


vol(f/(V)) ■ 


(2.23) 
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2 Introduction and Overview 


We find that the non-perturbative part of the free energy conies from the volume of 
the gauge group in the measure. As discussed above, the perturbative part has an 
expansion 

CXD OO 

FCS’P = gf-^ Y Fg,ht^ • ( 2 - 24 ) 

^=0 h=l 

The sum over h can actually be performed and gives . The non-perturbative part 
can also be expanded in the string coupling and, for > 2 , the sum of both pieces 
leads to (see e.g. [103]) 
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(2.25) 


where Bn are the Bernoulli numbers and Lij(a:) := ^ is the polylogarithm of 

index j. 

This result can now be compared to the free energy of the topological A-model on 
the resolved conifold. Quite generally, from results of [32], [19], [20], [64], [65] and [54] 
it can be shown that the genus g contribution to the free energy of the topological 
A-model on a Calabi-Yau manifold X reads [103] 
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Here f3 = d i® ^ homology class, where the [ 7 ) '^] form a basis of H 2 {X). In 

general there are more than one Kahler parameters Ki and has to be understood as 
Y\.iQT with Qi := e~‘^\ Furthermore, the n^, known as Gopakumar-Vafa invariants, 
are integer numbers. 

We see that precise agreement can be found between (2.25) and (2.26), provided we 
set x(A) = 2 and = 1, with all other Gopakumar-Vafa invariants vanishing. This 
is indeed the correct set of geometric data for the resolved conifold, and we therefore 
have shown that the conjecture holds, at least at the level of the partition function. 
In order to have a full duality between two theories, however, one should not only 
compare the free energy but also the observables, which in Chern- Simons theory are 
given by Wilson loops. In [113] the corresponding quantities were constructed in the 
A-model string, thus providing further evidence for the conjecture. Finally, a nice and 
intuitive proof of the duality from a world-sheet perspective has been given by the 
same authors in [114]. Quite interestingly this duality can be lifted to non-compact 
G 2 -manifolds, where the transition is a flop [4], [16]. 

After having established the Gopakumar-Vafa duality we can now proceed similarly 
to the above discussion on the IIB side. Indeed, in [130] the duality was embedded into 
the context of full string theory. There the statement is that IIA string theory on the 
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direct product of four-dimensional Minkowski space and the deformed conifold with 
N D6-branes wrapping around the in T*S^ is dual to the IIA string on Minkowski 
times the resolved conifold, where one now has to switch on flux with flux number 
N through the As above one can also study the four-dimensional effective held 
theories generated by these compactihcations. The N D6-branes clearly lead to pure 
supersymmetric Yang-Mills theory with gauge group U{N), whereas the dual theory 
on Cres with huxes switched on, leads to an effective U{1) theory in four dimensions. 
In [130] it is also shown that the effective superpotential generated from IIA on the 
resolved conifold is nothing but the Veneziano-Yankielowicz potential. Thus, like in 
the IIB case sketched above, the geometric transition is once again equivalent to the 
low energy description. 

Both the resolved and the deformed conifold can be described in the language of 
toric varieties. In fact, one can study the A-type topological string on more gen¬ 
eral toric varieties. The geometry of these spaces can be encoded in terms of toric 
diagrams and the geometric transition then has a nice diagrammatic representation. 
Quite interestingly, it was shown in [10] that, at least in principle, one can compute the 
partition function of the A-type topological string on any toric variety. This is done 
by understanding the toric diagram as some sort of “Feynman diagram”, in the sense 
that to every building block of the diagram one assigns a mathematical object and 
the partition function corresponding to a toric variety is then computed by putting 
these mathematical objects together, following a simple and clear cut set of rules. 
Many more results have been derived in the context of the A-type topological string 
on toric varieties, including the relation to integrable models [9]. These developments 
are, however, outside the scope of my thesis. 



Chapter 3 

Effective Actions 


In what follows many of the details of the intrigning pictnre sketched in the introdnction 
will be explained. Since the full picture consists of very many related but different 
theories we will not be able to study all of them in full detail. However, we are going 
to provide references wherever a precise explanation will not be possible. Here we 
start by an exposition of various notions of effective actions that exist in quantum 
field theory. We quickly review the definitions of the generating functional of the one- 
particle-irreducible correlation functions and explain how it can be used to study vacua 
of field theories. The Wilsonian effective action is dehned somewhat differently, and it 
turns out that it is particularly useful in the context of supersymmetric gauge theories. 
Finally a third type of effective action is presented. It is dehned in such a way that it 
captures the symmetries and the vacuum structure of the theory, and in some but not 
in all cases it coincides with the Wilsonian action. 


3.1 The IPI effective action and the background 
field method 


We start from the Lagrangian density of a held theory 


and couple the helds $(a;) to a set of classical currents J(a;), 


(3.1) 


Z[J] = exp(zF[J]) = j exp j d'^x J . (3.2) 


The quantity iF[J] is the sum of all connected vacuum-vacuum amplitudes. Dehne 

5 


<hj(x) : = 


6J{x) 


F[j] = mx))j . 


(3.3) 


This equation can also be used to dehne a current J#o(x) for a given classical held 
$ 0 ( 2 :), s.t. <hj(x) = ‘Fo(3^) if Then one dehnes the quantum effective 
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action r[<l>o] as 

r[<l>o] := - j d>o(x)J$„(a:) . (3.4) 

The functional r[<f)o] is an effective action in the sense that iF[J] can be calculated 
as a sum of connected tree graphs for the vacuum-vacuum amplitude, with vertices 
calculated as if r[<ho] and not S')*!*] was the action. But this implies immediately that 
ir[<ho] is the sum of all one-particle-irreducible (IPI) connected graphs with arbitrary 
number of external lines, each external line corresponding to a factor of $ 0 . Another 
way to put it is (see for example [134] or [116] for the details) 


exp(fr[<l)o]) 


Furthermore, varying F gives 


D(j) exp(fS'[<ho + 


npi 


<^r[$o] 




(3,5) 


(3.6) 


and in the absence of external currents 

<5r[$o] 


(5<Fo(a;) 


= 0 


(3.7) 


This can be regarded as the equation of motion for the field $ 0 , where quantum 
corrections have been taken into account. In other words, it determines the stationary 
conhgurations of the background field $ 0 . 

The effective potential of a quantum held theory is dehned as the non-derivative 
terms of its effective Lagrangian. We are only interested in translation invariant vacua, 
for which ‘Fo(^) = *^0 is constant and one has 


r|<i.„] = -K, i4//(<i>o). 


(3,8) 


where V 4 is the four-dimensional volume of the space-time in which the theory is 
formulated. 

To one loop order the IPI generating function can be calculated from 


exp(zF[<Fo]) 


D(j) exp 


dV £«(4o,d') 


(3.9) 


£'^(<Fo, 0) contains all those terms of £(4)o -|- 0) that are at most quadratic in 0. One 
writes £'^($05 4>) = -^(^o) + '^'^(‘^*05 4>) and performs the Gaussian integral over cj), which 
schematically leads to 

P[<Fo] ~ V,C{%) - ^logdet(A($o)) , (3.10) 

where A is the matrix of second functional derivatives of C with respect to the helds 
(j).^ For some concrete examples the logarithm of this determinant can be calculated 

^Since we have to include only IPI diagrams to calculate P (c.f. Eq. 3.5) the terms linear in the 
fluctuations (j) do not contribute to P. See [2] for a nice discussion. 
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3 Effective Actions 


and one can read off the effective action and the effective potential to one loop order. 
Minimising this potential then gives the stable values for the background helds, at 
least to one loop order. The crucial question is, of course, whether the structure of the 
potential persists if higher loop corrections are included. 

Example: Yang-Mills theory 

In order to make contact with some of the points mentioned in the introduction, we 
consider the case of Yang-Mills theory with gauge group SU{N) and Lagrangian 


and try to determine its effective action using the procedure described above. Since 
the details of the calculation are quite complicated we only list the most important 
results. One start by substituting 


Kin Kin+Kin 


( 3 . 12 ) 


into the action and chooses a gauge hxing condition. This condition is imposed by 
adding gauge hxing and ghost terms to the action. Then, the effective action can be 
evaluated to one loop order from 



( 3 . 13 ) 


where C'^{A,a,c,c) only contains those terms of C{A -|- a) -|- + £ghost 

at most quadratic in the helds a, c, c. Here is the gauge hxing and Cahost 
ghost Lagrangian. The Gaussian integrals can then be evaluated and, at least for 
small N, one can work out the structure of the determinant (see for example chapter 
17.5. of [134]). The form of the potential is similar in shape to the famous Mexican hat 
potential, which implies that the perturbative vacuum where one considers huctuations 
around the zero-held background is an unstable held conhguration. The Yang-Mills 
vacuum lowers its energy by spontaneously generating a non-zero ground state. 

However, this one-loop calculation can only be trusted as long as the ehective 
coupling constant is small. On the other hand, from the explicit form of the ehective 
action one can also derive the one-loop /3-function. It reads 



( 3 . 14 ) 


where the dots stand for higher loop contributions. The renormalisation group equation 



( 3 . 15 ) 


is solved by 



( 3 . 16 ) 
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Therefore, for energies lower or of order |A| we cannot trust the one-loop approximation. 
Nevertheless, computer calculations in lattice gauge theories seem to indicate that even 
for small energies the qualitative picture remains true, and the vacuum of Yang-Mills 
theory is associated to a non-trivial background held conhguration, which gives rise 
to conhnement and massive glueball helds. However, the low energy physics of non- 
Abelian gauge theories is a regime which has not yet been understood. 


3.2 Wilsonian effective actions of supersymmetric 
theories 


For a given Lagrangian one can also introduce what is known as the Wilsonian effective 
action [141], [142]. Take A to be some energy scale and dehne the Wilsonian effective 
Lagrangian Cx as the local Lagrangian that, with A imposed as an ultraviolet cut-off, 
reproduces precisely the same results for S-matrix elements of processes at momenta 
below A as the original Lagrangian C. In general, masses and coupling constants in the 
Wilsonian action will depend on A and usually there are inhnitely many terms in the 
Lagrangian. Therefore, the Wilsonian action might not seem very attractive. However, 
it can be shown that its form is quite simple in the case of supersymmetric theories. 

Supersymmetric field theories are amazingly rich and beautiful. Independently 
on whether they turn out to be the correct description of nature, they certainly are 
useful to understand the structure of quantum field theory. This is the case since they 
often possess many properties and characteristic features of non-supersymmetric field 
theories, but the calculations are much more tractable, because of the higher symmetry. 
For an introduction to supersymmetry and some background material see [21], [134], 
[135]. Here we explain how one can calculate the Wilsonian effective superpotential in 
the case of A/" = 1 supersymmetric theories. 

The Af = 1 supersymmetric action of a vector superheld V coupled to a chiral 
superfield <h transforming under some representation of the gauge group is given by^ 


S= d^x [$'^e ^<h]z)— / d^x 


r 


167ri 


trW^eW) +C.C. 

/ F 


d^x [(W($))f + c.c.] 


(3.17) 

where hF(<F) is known as the (tree-level) superpotential. The subscripts F and D 
extract the F- respectively H-component of the superheld in the bracket. Renormalis- 
ability forces W to be at most cubic in $, but since we are often interested in theories 
which can be understood as effective theories of some string theory, the condition of 
renormalisability will often be relaxed.^ The constant r is given in terms of the bare 


^We follow the notation of [134], in particular [trW'^eW]^ = [ca/? tr Wo,W/ 3 ]^ = — 

|e/i!/pcrtr -I- tr A^(l — 75 )A — trZl^. Here F^i, etc. are to be understood as where 

are the Hermitean generators of the gauge group, which satisfy trt“F = 5°“^. 

^Of course, for non-renormalisable theories the first two terms can have a more general structure 
as well. The first term, for instance, in general reads itr($,$le“^) where K is known as the Kahler 
potential. However, these terms presently are not very important for us. See for example [135], [134] 
for the details. 
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coupling g and the 0-angle, 

dvri 0 
27r ' 

The ordinary bosonic potential of the theory reads 


(3.18) 


dW 




(3.19) 


a \ mn 


where cj) is the lowest component of the superfield $ and E are the Hermitean generators 
of the gauge group. A supersymmetric vacuum 00 of the theory is a field configuration 
for which V vanishes [134], so we have the so called F-flatness condition 




as well as the D-flatness condition 


(3.20) 


=0. (3.21) 

mn 

The space of solutions to the D-flatness condition is known as the classical moduli 
space and it can be shown that is can always be parameterised in terms of a set of 
independent holomorphic gauge invariants Xfc(0). 

The task is now to determine the effective potential of this theory in order to 
learn something about its quantum vacuum structure. Clearly, one possibility is to 
calculate the IPI effective action, however, for supersymmetric gauge theories there 
exist non-renormalisation theorems which state that the Wilsonian effective actions of 
these theories is particularly simple. 


Proposition 3.1 Perturbative non-renormalisation theorem 

If the cut-off A appearing in the Wilsonian effective action preserves supersymmetry 
and gauge invariance, then the Wilsonian effective action to all orders in perturbation 
theory has the form 


Sx = j dS [(W(<h))^-t-c.c.] 
where 


Wx 


-^trWWw) +C.C. 
lOTT* / F 


+ D-terms , 


Airi 0 

D ^ T Tj , 

9l 27r 


and g\ is the one-loop effective coupling. 


(3.22) 

(3.23) 


Note in particular that the superpotential remains unchanged in perturbation theory, 
and that the gauge kinetic term is renormalised only at one loop. The theorem was 
proved in [72] using supergraph techniques, and in [121] using symmetry arguments 
and analyticity. 
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Although the superpotential is not renormalised to any finite order in perturbation 
theory it does in fact get corrected on the non-perturbative level, i.e. one has 

fhe// fhjree ~f Ihnon —pert • (3.24) 

The non-perturbative contributions were thoroughly studied in a series of papers by 
Affleck, Davis, Dine and Seiberg [41], [8], using dimensional analysis and symmetry con¬ 
siderations. For some theories these arguments suffice to exactly determine Wnon-pert- 
An excellent review can be found in [134]. This effective Wilsonian superpotential can 
now be used to study the quantum vacua of the gauge theory, which have to be critical 
points of the effective superpotential. 

So far we defined two effective actions, the generating functional of IPI amplitudes 
and the Wilsonian action. Clearly, it is important to understand the relation between 
the two. In fact, for the supersymmetric theories studied above one can also evaluate 
the IPI effective action. It turns out that this functional receives contributions to 
all loop orders in perturbation theory, corresponding to Feynman diagrams in the 
background fields with arbitrarily many internal loops. Therefore, we find that the 
difference between the two effective actions seems to be quite dramatic. One of them 
is corrected only at one-loop and the other one obtains corrections to all loop orders. 
The crucial point is that one integrates over all momenta down to zero to obtain the IPI 
effective action, but one only integrates down to the scale A to calculate the Wilsonian 
action. In other words, whereas one has to use tree-diagrams only if one is working with 
the IPI effective action, one has to include loops in the Feynman diagrams if one uses 
the Wilsonian action. However, the momentum in these loops has an ultraviolet cutoff 
A. Taking this A down to zero then gives back the IPI generating functional. Therefore, 
the difference between the two has to come from the momentum domain between 0 
and A. Indeed, as was shown by Shifman and Vainshtein in [123], in supersymmetric 
theories the two-loop and higher contributions to the IPI effective action are infrared 
effects. They only enter the Wilsonian effective action as the scale A is taken to zero. 
For finite A the terms in the Wilsonian effective action arise only from the tree-level 
and one-loop contributions, together with non-perturbative corrections. 

Furthermore, it turns out that the fields and coupling constants that appear in 
the Wilsonian effective action are not the physical quantities one would measure in 
experiment. For example, the non-renormalisation theorem states that the coupling 
constant g is renormalised only at one loop. However, from explicit calculations one 
finds that the IPI g is renormalised at all loops. This immediately implies that there 
are two different coupling constants, the Wilsonian one and the IPI coupling. The two 
are related in a non-holomorphic way and again the difference can be shown to come 
from infrared effects. It is an important fact that the Wilsonian effective superpotential 
does depend holomorphically on both the fields and the (Wilsonian) coupling constants, 
whereas the IPI effective action is non-holomorphic in the (IPI) coupling constants. 
The relation between the two quantities has been pointed out in [124], [46]. In fact, one 
can be brought into the other by a non-holomorphic change of variables. Therefore, for 
supersymmetric theories we can confidently use the Wilsonian effective superpotential 
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to study the theory. If the non-perturbative corrections to the superpotential are 
calculable (which can often be done using symmetries and holomorphy) then one can 
obtain the exact effective superpotential and therefore exact results about the vacuum 
structure of the theory. However, the price one has to pay is that this beautiful 
description is in terms of unphysical Wilsonian variables. The implications for the 
true physical quantities can only be found after undoing the complicated change of 
variables. 


3.3 Symmetries and effective potentials 

There is yet another way (see [84] for a review and references), to calculate an effective 
superpotential, which uses Seiberg’s idea [121] to interpret the coupling constants as 
chiral superhelds. Let 

= (3.25) 

k 

be the tree-level superpotential, where the Xk are gauge invariant polynomials in the 
matter chiral superfield $. In other words, the Xk are themselves chiral superhelds. 
One can now regard the coupling constants gk as the vacuum expectation value of the 
lowest component of another chiral superheld Gk, and interpret this held as a source 
[121]. he. instead of (3.25) we add the term 1T(G, $) = Ylk^kXk to the action. 
Integrating over $ then gives the partition function Z[G] = exp(iF[G]). If we assume 
that supersymmetry is unbroken F has to be a supersymmetric action of the chiral 
superhelds G, and therefore it can be written as 

F[G] = j d^x [{Wio,,{G))f + C.C.] + ... , (3.26) 

with some function Wiow{G). As we will see, this function can often be determined from 
symmetry arguments. For standard helds (i.e. not superhelds) we have the relation 
(3.3). In a supersymmetric theory this reads 

where we used that Wiow is holomorphic in the helds Gk- On the other hand we can 
use this equation to dehne (Gk) as the solution of 

xl = Xwu^iG) . ( 3 . 28 ) 

l^Gk) 

Then we dehne the Legendre transform of Wiow 

W,y^{Xl) := Wi,^{{Gk)) - Y,{Gk)Xl , 

k 


(3.29) 







3.3 Symmetries and effective potentials 


33 


where (Gk) solves (3.28), and finally we set 


^eff{l^k,gk) ■— Wdyn{Xk) + ''^^gkXk . (3.30) 

k 


This effective potential has the important property that the equations of motion for the 
fields Xk derived from it determine their expectation values. Note that (3.30) is nothing 
but the tree-level superpotential corrected by the term Wdyn- This looks similar to 
the Wilsonian superpotential, of which we know that it is uncorrected perturbatively 
but it obtains non-perturbative corrections. Indeed, for some cases the Wilsonian 
superpotential coincides with (3.30), however, in general this is not the case (see [84] 
for a discussion of these issues). Furthermore, since Wdyn does not depend on the 
couplings gk, the effective potential depends linearly on gk- This is sometimes known 
as the linearity principle, and it has some interesting consequences. For instance one 
might want to integrate out the field W by solving 


dWeff 

dX, 


(3.31) 


which can be rewritten as 


gi = 


dWdyn 

dX, 


(3.32) 


If one solves this equation for Xi in terms of gi and the other variables and plugs the 
result back in W^ff, the ^fj-dependence will be complicated. In particular, integrating 
out all the W gives back the superpotential Wiow{g)- However, during this process one 
does actually not loose any information, since this procedure of integrating out Xi can 
actually be inverted by integrating in Xi. This is obvious from the fact that, because 
of the linearity in gk, integrating out Xi is nothing but performing an (invertible) 
Legendre transformation. 


Super Yang-Mills theory and the Veneziano-Yankielowicz potential 

In order to see how the above recipe is applied in practice, we study the example of 
A/” = 1 Super-Yang-Mills theory. Its action reads 




SYM 


= — (Tx 


(- 


.VlbTri 

which, if one defines the chiral superfield 


tr 


wxw) 


/ F 


-I- c.c. 


F : = 


1 


327r2 


tr WXW , 


(3.33) 


(3.34) 


can be rewritten as 

SsYM = J [(27rir5')i;’-I-C.C.] . (3.35) 

S is known as the gaugino bilinear superfield, whose lowest component is proportional 
to AA = tr A'^eA. Note that both S and r are complex. 
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The classical action (3.33) is invariant under a chiral U(l) R-symmetry that acts as 
Wa{x,9) —>• e*‘^lTQ,(x, which implies in particular that A —>• e*‘^A. The quantum 

theory, however, is not invariant under this symmetry, which can be understood from 
the fact that the measure of the path integral is not invariant. The phenomenon in 
which a symmetry of the classical action does not persist at the quantum level is known 
as an anomaly. For a detailed analysis of anomalies and some applications in string 
and M-theory see the review article [P4]. The most important results on anomalies 
are listed in appendix E. The precise transformation of the measure for a general 
transformation A —*• can be evaluated [134] and reads 


DXDX DX'DX' = exp 


d^x e{x)G[x; A] 


DXDX 


(3.36) 


where 

G|x; /I] = ■ (3.37) 

For the global R-symmetry e(x) = y? is constant, and / A^x = u is 

an integer, and we see that the symmetry is broken by instantons. Note that, because 
of the anomaly, the chiral rotation A —e*‘^A is equivalent to 0 —0 — 2N(p (c.f. Eq. 
(3.18)). Thus, the chiral rotation is a symmetry only if ip = ^ with k = 0,... 2N — 1, 
and the U{1) symmetry is broken to 1<2n- 

The objective is to study the vacua of A/” = 1 super Yang-Mills theory by probing 
for gaugino condensates, to which we associate the composite field S that includes 
the gaugino bilinear. This means we are interested in the effective superpotential 
Weff{S), which describes the symmetries and anomalies of the theory. In particular, 
upon extremising Weff{S) the value of the gaugino condensate in a vacuum of A/” = 1 
Yang-Mills is determined. 

The /d-function of A/” = 1 super Yang-Mills theory reads at one loop 


Pia) = 


3Ng^ 

16A 


and the solution of the renormalisation group equation is given by 

1 


3N |A| 

/i 


(3.38) 


(3.39) 


Then 


'^1—loop 


Am 0 1 

+ 7^ = TT- log 


g'^{g) 2 tt 2m 
enters the one-loop action 


1^1 i0/37Vx37V 

- =:—log - (3.40) 

/i / 2m V A / 


Si-ioop = / d'^x [{2mTi_ioopS)F + C.C.] = / Ax 


3N log 


e)*) 


-(- c.c. 


(3.41) 
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In order to determine the superpotential Wiow{t) one can use Seiberg’s method 
[121], and one interprets r as a background chiral superheld. This is useful, since 
the effective superpotential is known to depend holomorphically on all the helds, and 
therefore it has to depend holomorphically on r. Furthermore, once r is interpreted as 
a held, spurious symmetries occur. In the given case one has the spurious R-symmetry 
transformation 


W{x,9) , 

Nip 

T ^ T -, 

TT 


(3.42) 


and the low energy potential has to respect this symmetry. This requirement, together 
with dimensional analysis, constrains the superpotential Wiow uniquely to 


kFzo'U) 


exp 



NA^ , 


(3.43) 


where p has dimension one. Indeed, this Wiowi'r) transforms as Wiow{t) —>■ e^^‘^Wiow{'r), 
and therefore the action is invariant. 

Before deriving the effective action let us hrst show that a non-vanishing gaugino 
condensate exists. One starts from (3.33) and now one treats r as a background held. 
Then, since Waa = + • • •, the F-component of r, denoted by tf, acts as a source 

for AA. One has 


(AA) = 


^ e*'^AA = ^ [ exp 


—i / d‘^x 


, — WNW) +C.C. 

-VlbTri /F 


AA 


= —IGtt- 




St) 




^ .Z = -ienJ-hgZ 


Z dxf 




S f d 

= -Wm— / dS [(Wiow)f + C . C .] ... = -16m — Wiow{t) 


= 327 r^/i^ exp 


/ 2mT\ 

\7r) ’ 


(3.44) 


where stands for the path integral over all the helds. r is renormalised only at one 
loop and non-perturbatively, and it has the general form 


r = 


£'«(a 



( 3 . 45 ) 


Therefore, the non-perturbative terms of r only contribute to a phase of the gaugino 
condensate, and it is sufficient to plug in the one-loop expression for r. The result is 
a non-vanishing gaugino condensate, 

(AA) = . (3.46) 


The presence of this condensate means that the vacuum does not satisfy the 'Z 2 N 
symmetry, since (AA) —> e^*‘^(AA) and only a Z 2 -symmetry survives. The remaining 
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— 1 = N — 1 transformations, i.e. those with ^ with k = 1,.. .iV — 1 
transform one vacuum into another one, and we conclude that there are N distinct 
vacua. 

Next we turn to the computation of the effective action. From (3.35) we infer that 
27iiS and r are conjugate variables. We apply the recipe of the last section, starting 
from Wiowi'r), as given in (3.43). From 


we infer that (r) 


27riS = ^Wiow{r) 


(t) 


, 2Tii 

= 2mII exp ( ^(r) 


^ log According to (3.29) one finds 


W^yniS) = NS - NSlog 



(3.47) 


(3.48) 


Finally, using the one-loop expression for r and identifying the fi appearing in (3.43) 
with the one in (3.40), one obtains the Veneziano-Yankielowicz potential [132] 


We//(A, S) = Wvy{A,S) = S 


N -I- log 



(3.49) 


In order to see in what sense this is the correct effective potential, one can check 


whether it gives the correct expectation values. Indeed, 
vacua of A/” = 1 super Yang-Mills theory. 


dW,ff{A,S) 


as 


(S) 


= 0 gives the N 


, „ , . Q 27riK 

{S) =A^e— , fc = 0 ,...Y-l 


(3.50) 


Note that this agrees with (3.46), since S is dehned as 3 ^ times trhFalF", which 
accounts for the difference in the prefactors. Furthermore, the Veneziano-Yankielowicz 
potential correctly captures the symmetries of the theory. Clearly, under R-symmetry 
S transforms as S' —>■ R = e^*‘^S' and therefore the effective Veneziano-Yankielowicz 
action Syv transforms as 


Syy SvY — 


{WvY^^ + C.C. 

d^x e^Yj^iV + Rlog 


+ ... 

A3V 


= 


vv 


d^x 


f iNif 
\167r^ 


J ■ _ + c.c. 


trIWelF +C.C. 


(3.51) 


which reproduces the anomaly. However, for the effective theory to have the 'L 2 N 
symmetry, one has to take into account that the logarithm is a multi-valued function. 
For the n-th branch one must define 


N + log 



-|- 27rm 




(3.52) 
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Then the discrete symmetry shifts Cn-k for 99 = ^. The theory is invariant 

under Z 2 N if we dehne 


CXD « 

Z = / DS exp 


<frx 


+ c.c. 


(3.53) 


Thus, although the Veneziano-Yankielowicz effective action is not the Wilsonian ef¬ 
fective action, it contains all symmetries, anomalies and the vacuum structure of the 
theory. 


Super Yang-Mills coupled to matter 

The main objective of the next chapters is to find an effective superpotential in the 
Veneziano-Yankielowicz sense, i.e. one that is not necessarily related to the IPI or 
Wilsonian effective action, but that can be used to find the vacuum structure of the 
theory, for M = 1 Yang-Mills theory coupled to a chiral superfield <h in the adjoint 
representation. The tree-level superpotential in this case is given by 

n+1 

1V($) = tr e c (3.54) 

k=l 

where without loss of generality gn+i = 1- Furthermore, the critical points of W 
are taken to be non-degenerate, i.e. if W'{p) = 0 then W"{p) 7 ^ 0. As we mentioned 
above, the corresponding effective superpotential can be evaluated perturbatively from 
a holomorphic matrix model [43], [44], [45]. This can either be shown using string 
theory arguments based on the results of [130] and [27], or from an analysis in held 
theory [42], [26]. The held theory itself has been studied in [28], [29], [57]. However, 
before we turn to explaining these development we need to present background material 
on the manifolds appearing in this context. 





Chapter 4 

Riemann Surfaces and Calabi-Yau 
Manifolds 


In this section we explain some elementary properties of Riemann snrfaces and Calabi- 
Yau manifolds. Of course, both types of manifolds are ubiquitous in string theory 
and studying them is of general interest. Here we will concentrate on those aspects 
that are relevant for our setup. As we mentioned in the introduction, the theory we 
are interested in can be geometrically engineered by “compactifying” Type II string 
theory on non-compact Calabi-Yau manifolds, the structure of which will be presented 
in detail. The superpotential can be calculated from geometric integrals of a three- 
form over a basis of three-cycles in these manifolds. Quite interestingly, it turns out 
that the non-compact Calabi-Yau manifolds are intimately related to Riemann surfaces 
and that the integrals on the Calabi-Yau can be mapped to integrals on the Riemann 
surface. As we will see in the next chapter, it is precisely this surface which also 
appears in the large N limit of a holomorphic matrix model. 

Our main reference for Riemann surfaces is [55]. An excellent review of both 
Riemann surfaces and Calabi-Yau manifolds, as well as their physical applications 
can be found in [81]. The moduli space of Calabi-Yau manifolds was first studied in 
|34|. 

4.1 Properties of Riemann surfaces 

Definition 4.1 A Riemann surface is a complex one-dimensional connected analytic 
manifold. 

There are many different description of Riemann surfaces. We are interested in the 
so called hyperelliptic Riemann surfaces of genus g, 

1/2 = n(x-a+)(x-a") , (4.1) 

with X, y,af G C and all af different. These can be understood as two complex sheets 
glued together along cuts running between the branch points af and af, together 
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with the two points at inhnity of the two sheets, denoted by Q on the upper and Q' 
on the lower sheet. On these surfaces the set < —, —,..., \ forms a basis of 

holomorphic differentials. This fact can be understood by looking at the theory of 
divisors on Riemann surfaces, presented in appendix B.2, see also [55]. The divisors 
capture the zeros and divergences of functions on the Riemann surface. Let Pi,... P 2 g +2 
denote those points on the Riemann surface which correspond to the zeros of y (i.e. 
to the a^). Close to af the good coordinates are zf = \/x — af. Then the divisor 
of y is given by , since y has simple zeros at the P, in the good coordinates 

Zi, and poles of order ^ + 1 at the points Q,Q'. If we let P, R' denote those points on 
the Riemann surface which correspond to zero on the upper, respectively lower sheet 
then it is clear that the divisor of x is given by Finally, close to af we have 

dx ~ zfdzf, and obviously dx has double poles at Q and Q', which leads to a divisor 
■ In order to determine the zeros and poles of more complicated objects like 
we can now simply multiply the divisors of the individual components of this 
object. In particular, the divisor of — is , and for ^ > 1 it has no poles. 

Similarly, we hnd that has no poles if A; < ^ — 1. Quite generally, for any compact 
Riemann surface S of genus g one has, 

dimHolI(S)=^, (4.2) 

where HolI(S) is the hrst holomorphic de Rham cohomology group on S with genus 
g. On the other hand, later on we will be interested in integrals of the form |/dx, 

p2 p2 

with divisor i showing that ydx has poles of order ^ + 3,^ + 2 ,...! at Q and 

Q'. To allow for such forms with poles one has to mark points on the surface. This 
marking amounts to pinching a hole into the surface. Then one can allow forms to 
diverge at this point, since it no longer is part of the surface. The dimension of the 
hrst holomorphic de Rham cohomology group on S of genus q with n marked points, 
HolI,„(S), is given by [55] 


dim HolI „(S) = 2^ + n — 1 . (4.3) 

The hrst homology group Tri(S;Z) of the Riemann surface S has 2g generators 
a*, f3i, i G {1,..., g}, with intersection matrix 

a* n = 0 , A n = 0 , 

^ (4.4) 

a* n f3j = -Pj na^ = S] . ^ ^ 

Note that this basis is dehned only up to a^ Sp{2g,Z,) transformation. To see this 
formally, consider the vector v := (a® PjY that satishes x n x®" = 15. But for S G 
Sp{2g,Z) we have for x' := Sv that v' fl x'®' = SUS'^ = 13. A possible choice of the 
cycles a®,/3j for the hyperelliptic Riemann surface (4.1) is given in Fig. 4.1. As we 


^There are different conventions for the definition of the symplectic group in the literature. We 
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Figure 4.1: The hyperelliptic Riemann surface (4.1) can be understood as two complex 
sheets glued together along cuts running between a~ and af. Here we indicate a 
symplectic set of cycles for g = 2. It consists of g compact cycles a*, surrounding i of 
the cuts, and their compact duals jdi, running from cut i to f + 1 on the upper sheet 
and from cut i +1 to cut i on the lower one. We also indicated the relative cycles a, f3, 
which together with a®, jdi form a basis of the relative homology group {Q, Q'}). 

Note that the orientation of the two planes on the left-hand side is chosen such that 
both normal vectors point to the top. This is why the orientation of the a-cycles is 
different on the two planes. To go from the representation of the Riemann surface on 
the left to the one on the right one has to flip the upper plane. 

mentioned already, later on we will be interested in integrals of ydx, which diverges 
at Q, Q'. Therefore, we are led to consider a Riemann surface with these two points 
excised. On such a surface there exists a very natural homology group, namely the 
relative homology 4fi(S, {Q,Q'}). For a detailed exposition of relative (co-)homology 
see appendix B.3. Ffi(S, {Q,Q'}) not only contains the closed cycles a\ (Hi, but also a 
cycle /3, stretching from Q to Q', together with its dual d. As an example one might 
look at the simple Riemann surface 

- jj = {x - - ^/JI) , (4.7) 

with only one cut between — ^/I and y/JI surrounded by a cycle d. The dual cycle f3 
simply runs from Q' through the cut to Q. 

There are various symplectic bases of i4i(S, {Q, Q'}). Next to the one just pre¬ 
sented, another set of cycles often appears in the literature. It contains g + 1 compact 

adopt the following: 

Sp{2m, K) := {S' G GL{2m, K) : S^13S = U}, (4.5) 

where 



and 1 is the m x m unit matrix. K stands for any field. 


(4.6) 
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cycles A®, each surrounding one cut only, and their duals Bi, which are all non-compact, 
see Fig. 4.2. Although string theory considerations often lead to this basis, it turns 




Figure 4.2: Another choice of basis for HiCE, {Q,Q'}) containing compact A-cycles 
and non-compact B-cycles. 


out to be less convenient, basically because of the non-compactness of the i?-cycles. 

Next we collect a couple of properties which hold for any (compact) Riemann surface 
E. Let u be any one-form on S, then 



(4.8) 


is called the period vector of oo. For any pair of closed one-forms a;, y on S one has 



This is the Riemann bilinear relation for Riemann surfaces. 

Denote the g linearly independent holomorphic one-forms on S by {A^}, k E 


Define 

r r 


"> ^ik • / 1 

J J j3i 

(4.10) 

and from these the period matrix 


n., := • 

(4.11) 


Inserting two holomorphic forms A*, Xj for a;, y in (4.9) the left-hand side vanishes, 
which tells us that the period matrix is symmetric. This is known as Riemann’s first 
relation. Furthermore, using (4.9) with A^, A;- one finds Riemann’s second relation, 


Im(n.y) > 0. 


( 4 . 12 ) 
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Riemann’s relations are invariant nnder a symplectic change of the homology basis. 

The moduli space of Riemann snrfaces 

Let A4g denote the moduli space of complex structures on a genus g Riemann surface. 
As is reviewed in appendix B.l, inhnitesimal changes of the complex structure of a 
manifold X are described by Hq(TX) and therefore this vector space is the tangent 
space to Xig at the point corresponding to X. This is interesting because the dimension 
of Afg coincides with the dimension of its tangent space and the latter can be computed 
explicitly (using the Grothendieck-Riemann-Roch formula, see [81]). The result is 

Mo = {point} , 

dimcAli = 1 , (4-13) 

dimcAfg = 3^ — 3 for ^ > 2 . 

One might consider the case in which one has additional marked points on the Riemann 
surface. The corresponding moduli space is denoted hy Mg n and its dimension is given 
by 


dimcAlo,n = n — 3 for n > 3 , 

dimcAfpn = n , (4.14) 

dimcAfg = ?>g — + n for ^ > 2 . 

4.2 Properties of (local) Calabi-Yau manifolds 

4.2.1 Aspects of compact Calabi-Yau manifolds 

Our definition of a Calabi-Yau manifold is similar to the one of [86]. 

Definition 4.2 Let Y be a compact complex manifold of complex dimension m and 
J the complex structure on X. A Calabi-Yau manifold is a triple (Y, J,g), s.t. is a 
Kahler metric on (Y, J) with holonomy group Hol{g) = SU{m). 

A Calabi-Yau manifold of dimension m admits a nowhere vanishing, covariantly con¬ 
stant holomorphic (m, 0)-form O on Y that is unique up to multiplication by a non-zero 
complex number. 

Proposition 4.3 Let {X,J,g) be a Calabi-Yau manifold, then g is Ricci-flat. Con¬ 
versely, if (Y, J, g) of dimension m is simply connected with a Ricci-flat Kahler metric, 
then its holonomy group is contained in SU{m). 

Note that Ricci-flatness implies ci(TY) = 0. The converse follows from Calabi’s 
conjecture: 

Proposition 4.4 Let (Y, J) be a compact complex manifold with ci(Y) = [0] G 
/4^(Y;M). Then every Kahler class [a;] on X contains a unique Ricci-flat Kahler 
metric g. 
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In our definition of a Calabi-Yau manifold we require the holonomy group to be pre¬ 
cisely SU(m) and not a proper subgroup. It can be shown that the first Betti-number 
of these manifolds vanishes, bi = = 0 . 

We are mainly interested in Calabi-Yau three-folds. The Hodge numbers of these 
can be shown to form the following Hodge diamond'. 
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The dimension of the homology group Hs{X] Z) is -|- 2 and one can always choose 
a symplectic basis^ Tc^/, T I, J & {0,..., with intersection matrix similar to the 
one in (4.4). 

The period vector of the holomorphic form hi is defined as 


n(z) - 



(4.15) 


Similar to the bilinear relation on Riemann surfaces one has for two closed three- 
forms S, H on a (compact) Calabi-Yau manifold, 


(S.S) 



(4.16) 


The moduli space of (compact) Calabi-Yau three-folds 

This and the next subsection follow mainly the classic paper [34]. Let {X, J,Q,g) be 
a Calabi-Yau manifold of complex dimension m = 3. We are interested in the moduli 
space Xt, which we take to be the space of all Ricci-flat Kahler metrics on X. Note 
that in this definition of the moduli space it is implicit that the topology of the Calabi- 
Yau space is kept hxed. In particular the numbers 62 = hi i for the two-cycles and 
63 = 2 (/i 2 ,i -|- 1) for the three-cycles are hxed once and for all.^ Following [34] we 
start from the condition of Ricci-hatness, IZAB^g) = 0, satished on every Calabi-Yau 
manifold. Here A,B,... label real coordinates on the Calabi-Yau X. In order to explore 

^We use the letters (a®,/3i)i (4hi?j), {P,bj), ■ ■ ■ to denote symplectic bases on Riemann surfaces 
and (rQ,/,r; 3 j), (r^r,rBj), (rQr,r(,j), ... for symplectic bases of three-cycles on Calabi-Yau three¬ 
folds. Also, the index i runs from 1 to g, whereas I runs from 0 to 

^In fact this condition can be relaxed if one allows for singularities. Then moduli spaces of Calabi- 
Yau manifolds of different topology can be glued together consistently. See [33] and [70] for an 
illuminating discussion. 
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the space of metrics we simply deform the original metric and require Ricci-flatness to 
be maintained, 

nAB(g + Sg) = 0. (4.17) 

Of course, starting from one “background” metric and deforming it only explores the 
moduli space in a neighbourhood of the original metric and we only hnd a local de¬ 
scription of A4. Its global structure is in general very hard to describe. After some 
algebra (4.17) turns into the Lichnerowicz equation 

c^dAB + ‘^Ra ^^9de = 0 • (4-18) 

Next we introduce complex coordinates on X, with ... = 1,2, 3. Then there 
are two possible deformations of the metric, namely or Sg^j^p. Plugging these into 
(4.18) leads to two independent equations, one for 6g^iy and one for Sg^j^p and therefore 
the two types of deformations can be studied independently. To each variation of the 
metric of mixed type one can associate the real (1, l)-form idg^ydx^ A dx*^, which can 
be shown to be harmonic if and only if 5g^y satishes the Lichnerowicz equation. A 
variation of pure type can be associated to the (2,l)-form fl^^Sgjiydx^ A dx^ A dx^, 
which also is harmonic if and only if dgfm satishes (4.18). This tells us that the allowed 
transformations of the metric are in one-to-one correspondence with RdRi^X) and 
77 ( 2 , 1 ) (j 5 ^) interpretation of the mixed deformations Sg^a is rather straightforward 
as they lead to a new Kahler form, 

k = ig^pdx^ A dx"' = i{gf_^p 6g^p)dx^ A dx*^ 

= K+ i6gf,pdx^^ Adx^ = K+ dK . (4.19) 

The variation 6g^i, on the other hand is related to a variation of the complex structure. 
To see this note that gAB = gAB + SgAB is a Kahler metric close to the original one. 
Then there must exist a coordinate system in which the pure components of the metric 
(Jab vanish. Under a change of coordinates x^ —> x'^ := x^ -|- f^{x) = h^{x) we have 

= QAB + SgAB — {dAf^)gCB — {dBf^)gAD ■ (4.20) 

We start from a mixed metric g^p and add a pure deformation 6gfip. The resulting 
metric can be written as a mixed metric in some coordinate system, we only have to 
chose / s.t. 

Sgfiu - YYdpu - {dpYgpp = 0 . (4.21) 

But this means that / cannot be chosen to be holomorphic and thus we change the 
complex structure. Note that the fact that the deformations of complex structure 
are characterised by H‘^’^{X) is consistent with the discussion in appendix B.l since 
H'^’^X) = Hl{TX). 

Next let us dehne a metric on the space of all Ricci-flat Kahler metrics, 

J 9'^^9^^{SgABSgcD)k9 d®a: . (4.22) 
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In complex coordinates one finds 

1 


ds" = 


2vol(X) 




(4.23) 


Interestingly, this metric is block-diagonal with separate blocks corresponding to vari¬ 
ations of the complex and Kahler strncture. 

Complex structure moduli 

Starting from one point in the space of all Ricci-flat metrics on a Calabi-Yan manifold 
X, we now want to stndy the space of those metrics that can be reached from that 
point by deforming the complex structnre of the manifold, while keeping the Kahler 
form hxed. The space of these metrics is the modnli space of complex strnctures and 
it is denoted Xics- Set 


Xi := A dx^ A dx 


with 


(4.24) 


where the for i G {!,..., h 2 ,i} are the parameters for the complex structure de¬ 
formation, i.e. they are coordinates on Xics- Clearly, Xi is a (2, l)-form Vh One 
hnds 

12^9 pX 


^rxp.x = -\m 


dz^ 


(4.25) 


where we used that flpux = ^usfpux with e a tensor density, and 110| p := y/g ^ 0 i 230 i 23 = 
This gives 


Sgpx = 


1 






(4.26) 


We saw that the metric on moduli space can be written in block diagonal form. At 
the moment we are interested in the complex structure only and we write a metric on 
Ales 


2G^-‘''>6P6z^ := -^ / 

2vol(X) Jx 




Using (4.26) we hnd 


q(cs) _ 




/x Xi A Xj 


(4.27) 


(4.28) 


where we used that ||0|P is a constant on X, which follows from the fact that O is 
covariantly constant, and A Cl = ||0|pvol(X). The factor of 2 multiplying 
was chosen to make this formula simple. To proceed we need the important formula 


on 


dz 


j = kifl + Xi , 


(4.29) 


where ki may depend on the z^ but not on the coordinates of X. See for example [34] 
for a proof. Using (4.29) it is easy to show that 


^(cs) _ 


dz’‘ dzi 


log 


12 A 12 


' X 


(4.30) 
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which tells us that the metric (4.27) on the moduli space of complex structures Mcs 
is Kahler with Kahler potential 


K =-log (^ij . (4.31) 

If we differentiate this equation with respect to z® we can use (4.29) to find that 
= -^K. 

Next we consider the Hodge bundle Tf, which is nothing but the cohomology bundle 
over Mcs s.t. at a given point 2 ; G Aics the fiber is given by i4^(X^;C), where X^. 
is the manifold X equipped with the complex structure J{z) determined by the point 
z G Xics- This bundle comes with a natural flat connection which is known as the 
Gauss-Manin connection. Let us explain this in more detail. One defines a Hermitian 
metric on the Hodge bundle as 


{r],e):=i [ rjAO for t], 9 e H%X;C) . (4.32) 

Jx 

This allows us to define a symplectic basis of real integer three-forms G H^{X-, C), 

I, J G {0,1,... with the property 

= 6j , (4.33) 

which is unique up to a symplectic transformation. Dual to the basis of H^{X;Z) C 
H^{X;C) there is a symplectic basis of three-cycles {rQ,i,r^j} G H^{X]'L), s.t. 



(4.34) 


and all other combinations vanish. Clearly, the corresponding intersection matrix is 


=0 , = 0 , 

F n F F n F Ai 

i q/ I U = —i I I i Qi = Oj , 

see for example [71] for a detailed treatment of these issues. Note that the Hermitian 
metric is defined on every fibre of the Hodge bundle, so we actually find three-forms 
and three-cycles at every point, rj-^^z), V^i{z), Vpj{z). Since the topology of X 

does not change if we move in the moduli space one can identify the set of basis cycles 
at one point pi in moduli space with the set of basis cycles at another point p 2 . To 
do so one takes a path connecting pi and p 2 and identifies a cycle at pi with the cycle 
at p 2 which arises from the cycle at pi by following the chosen path.^ For a detailed 

^This might sound somewhat complicated but it is in fact very easy. Consider as an example a 
torus with its standard cycles a, (3. If we now change the size (or the shape) of the torus we 
will find a new set of cycles a' , f3' . These can in principle be chosen arbitrarily. However, there is a 
natural choice which we want to identify with a, /3, namely those that arise from a, /3 by performing 
the scaling. 
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explanation in the context of singularity theory see [15]. Note that this identihcation 
is unique if the space is simply connected. The corresponding connection is the Gauss- 
Manin connection. Clearly, this connection is flat, since on a simply connected domain 
of Mcs the identification procedure does not depend on the chosen path. If the domain 
is not simply connected going around a non-contractible closed path in moduli space 
will lead to a monodromy transformation of the cycles. Since we found that there is 
a natural way to identify basis elements of at different points 2 ; G Aics we 

can also identify the corresponding dual elements ui{z),ri'^{z). Then, by definition, a 
section a of the cohomology bundle is covariantly constant with respect to the Gauss- 
Manin connection if, when expressed in terms of the basis elements uJi{z),ri'^{z), its 
coefficients do not change if we move around in Aics, 

a{z) = '^2 c^(^i{z) + '^2 djr]'^{z) z E Aics ■ (4.36) 

1=0 J =0 

In particular, the basis elements u/, are covariantly constant. A holomorphic section 
p of the cohomology bundle is given by 


p{z) = f{z)uJi{z) + 9.j{z)v^{z) , 

/=0 J=0 


(4.37) 


where f\z),gj{z) are holomorphic functions on A4cs- 

If we move in the base space Afcs of the Hodge bundle 7f we change the com¬ 
plex structure on X and therefore we change the Hodge-decomposition of the hbre 
H^{Xp^ C) = . Thus studying the moduli space of Galabi-Yau mani¬ 

folds amounts to studying the variation of the Hodge structure of the Hodge bundle. 
Gonsider the holomorphic (3, 0)-form, defined on every hbre X^. The set of all these 
forms dehnes a holomorphic section of the Hodge bundle. On a given hbre X^ the 
form G is only dehned up to multiplication by a non-zero constant. The section G of 
the Hodge bundle is then dehned only up to a multiplication of a nowhere vanishing 
holomorphic function on M.cs which amounts to saying that one can multiply 
G by diherent constants on diherent hbres, as long as they vary holomorphically in 
2 ;. It is interesting to see in which way this fact is related to the properties of the 
Kahler metric on M-cs- The property that G is dehned only up to multiplication of a 
holomorphic function, 

:= , (4.38) 

implies 

K ^ k = K + f{z)+J{z), (4.39) 

G^cs) ^ G^cs)^^(cs)_ 


So a change of G(z) can be understood as a Kahler transformation which leaves the 
metric on moduli space unchanged. 
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Next we express the holomorphic section 14 of the Hodge bundle as^ 


S2(2) = X^(z)ui, + Tj{z)7]^ , 


(4.41) 


where we have 

X\z) = [ Q{z) , Tj{z) = [ Q{z) . (4.42) 

Since 14(z) is holomorphic both and fFj are holomorphic functions of the coordi¬ 
nates z on moduli space. By dehnition for two points in moduli space, say z, z', the 
corresponding three-forms 14(2;), 14(2;') are different. Since the bases uj\z),rjj{z) and 
uj\z'),rjj{z') at the two points are identihed and used to compare forms at different 
points in moduli space it is the coefficients X\fFj that must change if we go from 2 ; 
to z'. In fact, we can take a subset of these, say the X^ to form coordinates on moduli 
space. Since the dimension of Xics is but we have Y 1 functions X^ these have 
to be homogeneous coordinates. Then the fFj can be expressed in terms of the X^. Let 
us then take the X^ to be homogeneous coordinates on M.cs and apply the Riemann 
bilinear relation (4.16) to 



f (914 


(4.43) 


J-''dXi 


This gives® 

T, = = \d.,(X'T,) 

~ dX^^ ’ 

(4.44) 

where 





T ;= -X^Ti . 


(4.45) 


So the Tj are derivatives of a function TiX') which is homogeneous of degree 2. T 
is called the prepotential. This nomenclature comes from the fact that the Kahler 
potential can itself be expressed in terms of JF, 


K = -\og[i / 14 A 14 ) = - log (z ^ {X^Xi - X^Xi) 


(4.46) 


/=o 


We will have to say much more about this structure below. 

To summarise, we found that the moduli space of complex structures of a Calabi- 
Yau manifold carries a Kahler metric with a Kahler potential that can be calculated 
from the geometry of the Calabi-Yau. A Kahler transformation can be understood as 
an irrelevant multiplication of the section 14(2;) by a nowhere vanishing holomorphic 
function. The coordinates of the moduli space can be obtained from integrals of 14(2;) 
over the T^z-cycles and the integrals over the corresponding T^^-cycles can then be 
shown to be derivatives of a holomorphic function IF in the coordinates X, in terms 
of which the Kahler potential can be expressed. As explained in appendix C.l these 
properties determine Aics to be a special Kahler manifold. 

®Since the on different fibres are identified we omit their ^-dependence. 

®To be more precise one should have defined Fj{z) := il{z) and Fj{X) := Fj{z{X)). 
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Obviously the next step would be to analyse the structure of the moduli space 
of Kahler structures, Mrs- Indeed, this has been studied in [34] and the result is 
that M-ks nlso is a special Kahler manifold, with a Kahler potential calculable from 
some prepotential. However, the prepotential now is no longer a simple integral in 
the geometry, but it receives instanton correction. Hence, in general it is very hard 
to calculate it explicitly. This is where results from mirror symmetry come in useful. 
Mirror symmetry states that Calabi-Yau manifolds come in pairs and that the Kahler 
structure prepotential can be calculated by evaluating the geometric integral on the 
mirror manifold and using what is known as the mirror map. Unfortunately, we cannot 
delve any further into this fascinating subject, but must refer the reader to [70] or [81]. 

4.2.2 Local Calabi-Yau manifolds 

After an exposition of the properties of (compact) Calabi-Yau spaces we now turn to 
the spaces which are used to geometrically engineer the gauge theories that we want 
to study. 

Definition 4.5 A local Calabi-Yau manifold is a non-compact Kahler manifold with 
vanishing hrst Chern-class. 

Next we give a series of dehnitions which will ultimately lead us to an explicit local 
Calabi-Yau manifold. For completeness we start from the dehnition of CP^. 

Definition 4.6 The complex projective space CP^ = P^ is dehned as 

C^{0}/~ . (4.47) 

For {zi,Z 2 ) G C^\{0} the equivalence relation is dehned as 

{zi, Z 2 ) ~ {Xzi, XZ 2 ) = X{zi, Z 2 ) (4.48) 

for A G C\{0}. Note that this implies that CP^ is the space of lines through 0 in C^. 
We can introduce patches on CP^ as follows 

:= {(U, Z 2 ) G C^\{0} ■. Zi^O, {zi, Z 2 ) ~ X{zi, Z 2 )} 

^2 {(^ii ^ 2 ) G C^\{0} : 2^2 7 ^ 0, (zi, Z 2 ) ~ X{zi, Z 2 )} 

and on these patches we can introduce coordinates 

. 6 :=-. (4.50) 

On the overlap Ui fl U 2 we have 



and we hnd that CP^ is isomorphic to a Riemann sphere S'^. 


(4.49) 


(4.51) 
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Definition 4.7 The space 0(n) —> CP^ is a line bundle over CP^. We can define it 
in terms of charts 

:= {(ei,<h):eief/r=C,«hGC}, 

U2 := {(6,<^>'):6et/r=C,«h'eC}, 

with 

6 = f = (4.53) 

u 

on Ui n U 2 - 


Definition 4.8 Very similarly 0{m) 0 0{n) —> CP^ is a fibre bundle over CP^ where 
the fibre is a direct sum of two complex planes. We define it via coordinate charts and 
transition functions 


Ui := {(ei,4)o,4>i):eievr,<hoeC,<hieC}, 
U2 := {(6,4>[„4>;):6evr,<f>'eC,<h;eC}, 


(4.54) 


with 


6 = - , $0 = er™4)o , = er”4>i on Vi n f/ 2 . 

SI 


(4.55) 


These manifolds are interesting because of the following proposition, which is explained 
in [104] and [71]. 

Proposition 4.9 The first Chern class of 0{m)®0{n) —> CP^ vanishes ifm+n = —2. 


The conifold 

Definition 4.10 The conifold Cq is defined as /“^(O) with / given by 
/ : ^ C 

{wi,W2.,W'i,WA) f{wi,W2.,WA,WA)\=wl+wl+wl+w‘l. 


(4.56) 


In other words 

Co := {w \ w‘l + W2+w‘l + w‘l = R} . (4.57) 

Setting 4)0 = tci 0 iw 2 , 4)i = iw^ — ^ 4 , 4>q = iw^ 0 and = wi — iw 2 this reads 

Co := {($ 0 , 4)', 4)1, 4)0" e e : - 4)'4)i = 0} . (4.58) 

Clearly, / has a singularity at zero with singular value zero and, therefore Cq is a 

singular manifold. To study the structure of Co in more detail we set Wi = Xi + iyi. 

Then / = 0 reads 


fifi —ff = Q , X ■ y = Q . 


(4.59) 
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The first equation is if := a? + so x lives on an S^. y on the other hand 

is perpendicular to x. For given r and x we have an S'^ of possible y s and so for given 
r we have a fibre bundle of over S^. However, there is no nontrivial fibration of 
over and we conclude that / = 0 is a cone over x S^. Fig. 4.3 gives an intuitive 
picture of the conifold, together with the two possible ways to resolve the singularity, 
namely its deformation and its small resolution, to which we will turn presently. 



Figure 4.3: The conifold is a cone over x 8“^ with a conical singularity at its tip that 
can be smoothed out by a deformation or a small resolution. 


The deformed conifold 

Definition 4.11 The deformed conifold Cdef is the set f~^{p) with y G M+ and / as 
in (4.56). 

In other words the deformed conifold is given by 

Cdef '■= [w & '■ w\ +w\ +w1 +w\ = /i} (4.60) 

or 

Cdef := {($0, <^>0, $1, <J>;)" e C" : 4>0<h; - = h} • (4-61) 

The above analysis of the structure of the conifold remains valid for hxed r, where 

again we have x S"^. However, now we have an of minimal radius that occurs 

for ^=0. If we define q := C— x we hnd 

\/ 



1 , q-y = 0. 


(4.62) 
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This shows that the deformed conifold is isomorphic to T*S^. Both the deformed 
conifold and the conifold are local Calabi-Yan. Interestingly, for these spaces this fact 
can be proven by writing down an explicit Ricci-flat Kahler metric [33]. 

The resolved conifold 

The resolved conifold is given by the small resolution (see Def. B.l) of the set / = 0. 
We saw that the singular space can be characterised by 

C := {($0, , $1, $;) G C" : • (4.63) 

The small resolution of this space at C) G C C is in fact the space C := Cres '■= 
0{—l)®0{—l) —*■ CP^. To see this we have to construct a map tt : C* —> C such that 
71 : C\7r~^{0) —> C'\0 is an isomorphism and 7r“^(0) = CP^. On the two patches of C 
it is given by 


(6,4>o,<hi) 1-^ ($0,6d>o, $1, , 14 641 

(6,<h[„$'i) ^ (e2d>o,d>o,64>'i,4>;) . ^ 

A point in the overlap of the two charts in C has to be mapped to the same point in O, 
which is indeed the case, since on the overlap we have ^2 = ^- Note also that as long 

as $ 0 ; 4)i do not vanish simultaneously this map is one to one. However, (f/f\0, 0) 
and (f/|*\0,0) are mapped to (0,0, 0,0), s.t. 7r“^((0, 0, 0, 0)) = P^. this proves that 
0 {—l) ©(9(—1) —> CP^ is indeed the small resolution of the conifold. 

As in the case of the deformed conifold one can write down a Ricci-flat Kahler 
metric for the resolved conifold, see [33]. 

The resolved conifold and toric geometry 

There is another very important description of the resolved conifold which appears 
in the context of linear sigma models and makes contact with toric geometry (see for 
example [147], [82], [81]). Let z = ( 2 : 1 , ^ 2 , ^ 3 , ^ 4 )"" G and consider the space 

Ctoric ■= {Tg : \zi\‘^ + jz 2 j^ - - | 2 ; 4 p = t}/ ~ (4.65) 

where the equivalence relation is generated by a 17(1) group that acts as 

(^ 1 , ^ 2 , Z3, Z4) ^ (e'^zi, e'^Z2, e~'^Z3, Z4) . (4.66) 

This description appears naturally in the linear sigma model . In order to see that this 
is indeed isomorphic to Cres note that for Z 3 = Z 4 = 0 the space is isomorphic to CP^. 

Consider then the sets Ui := {Tg Ctoric ■ Zi 0}, i = 1,2. On Ui we define the U(l) 

invariant coordinates 

:= — , $0 := := ^ 1^4 , (4.67) 

^2 ■= — 5 4 )q := Z2Z3 , 4 ))^ := ^2^4 , 

Z2 


and similarly for U 2 , 


(4.68) 
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Clearly, the are the inhomogeneous coordinate on On the overlap Ui 0 U 2 we 
have 

6 = er ', <^>0 = = 6^1 , ( 4 . 69 ) 

which are the dehning equations of Cres- Therefore, indeed, Cres — Ctoric- 

From this description of the resolved conifold we can now understand it as a 
hbration over (part of) parameterised by l^ip, |. 23 p, \z 4 \^. Because of the dehning 
equation |z 2 p = t — the base cannot consist of the entire For 

example for = Z 4 = 0 and |zip > t this equation has no solution. In fact, the 
boundary of the base is given by the hypersurfaces = 0, |z 3 p = 0, |z 4 p = 0 
and |z 2 p = 0, see Fig. 4.4. The of the hber is given by the phases of all the Zi 


I z 
r4l 





i—-> l^ll 


|2 


Figure 4.4: The part of that is the base of the hbration of the resolved conifold 
is bounded by the surfaces \zi\‘^ = 0, = 0, \z 4 \‘^ = 0 and |z 2 p = 0. If /c of 

these equations are satished simultaneously, k of the S'^s in shrinks to zero size. In 
particular, at \z^(^ = \z 4 \‘^ = 0 one has a single in the hbre that shrinks at \zi\'^ = 0 
and \zi\'^ = t. The set of these form the in Cres- 


modulo the U{1) transformation. The singularity locus of this hbration is then easily 
determined. In fact on every hypersurface \zi\^ = 0 the corresponding shrinks to 
zero size and the hbre consists of a only. At the loci where two of these surfaces 
intersect two S^s shrink and we are left with an S^. Finally, there are two points where 
three hypersurfaces intersect and the hbre degenerates to a point. This happens at 
ksP = k 4 p = 0 and \zi\^ = 0 or = t. If we follow the l^^ip-axis from 0 to f an 
opens up and shrinks again to zero. The set of these cycles form a sphere = P^, 
which is the P^ in Cres- For a detailed description of these circle hbrations see for 
example [100]. 
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More general local Calabi-Yau manifolds 

There is a set of more general local Calabi-Yau manifolds that was hrst constructed in 
[61] and which appeared in the physics literature in [87] and [27]. One starts from the 
bundle 0(—2) © 0(0) —which is local Calabi-Yau. To make the discussion clear 
we once again write down the charts and the transition functions, 

Ui ■= {(6.*0.*i): e ur ,<*„ e C,4i e C} 

U2 - e Ul',% 6 C,4', € C} 

with 6 = -^ , = ^ 1*^0 , = *^*1 on O t /2 . (4.70) 

Q 

To get an intuitive picture of the structure of this space, we take $0 = 4)q = 0 and £x 
$1 = arbitrarily. Then we can “walk around” in the direction “consistently”, i.e. 
we can change without having to change the fixed values of $ 0 , $ 1 . 

Next we consider a space Xres with coordinate patches Ui,U 2 as above but with 
transition functions 

6 = ^ , $' = ^2^0 + ^^'(<^> 1)^1 , = on 7/1 n 7 / 2 . (4.71) 

SI 

Here IT is a polynomial of degree n + 1. To see that the structure of this space is 
very different from the one of 0 {— 2 ) © 0 ( 0 ) —*■ CP^ we set $0 = $0 = 0 and fix $1 
arbitrarily, as before. Note that now is fixed and changing ^1 amounts to changing 
$ 0 . Only for those specihc values of <hi for which = 0 can we consistently 

“walk” in the ^i-direction. Mathematically this means that the space that is deformed 
by a polynomial W contains n different CP^s. 

We have seen that the “blow-down” of 0{—l) © 0{—l) —> CP^ is given by the 
conifold C. Now we are interested in the blow-down geometry of our deformed space, 
i.e. the geometry where the size of the CP^s is taken to zero. We claim that Xres can 
be obtained from a small resolution of all the singularities of the space 

Y := {($ 0 , $[), $ 1 , .s) e : 4<l>o<l>[) + = 0} . (4.72) 

As to prove that Xres is the small resolution of X we have to hnd a map vr : Xres X. 
It is given by 

( 6 ,d>o,$i) ^ (<I>o,ei4>o + i^'($i)6,<^>i©(26<^>o + hT'(<hi))) , 

(e2,<i>[„4>;) ^ (e 2 '<^>[,-e 2 fb^'($'i),$o,$'i©( 2 e 2 <ho-kh'(<h'i))). 

It is easy to check that 
. 7r(7/,) C Y , 

• on 7/1 n 7/2 the two maps map to the same point , 

• the map is one to one as long as lY'(<I)i) 7 ^ 0 , 

• for <hi = s.t. = 0 one finds that (7/f\ 0, $ 1 ) and (7/|’\ 0, $]^) are mapped 

to (0, 0, $ 1 , 0), i.e. 7 r“^(( 0 , 0, $ 1 , 0)) = CP^ V<hi s.t. W'{^i) = 0. This shows that Xres 
can indeed be understood as the small resolution of the singularities in Y. 
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Changing coordinates x = $ 1 , n = $0 + $ 0 , w = i(^Q — $ 0 ) the expression (4.72) 
for X can be rewritten as 

X = {(n, w, X, z) e : W'{x)‘^ + + - 2 ^ = 0} . (4.73) 


Finally, we note that it is easy to find the deformation of the singularities of (4.73). 
If fo{x) is a polynomial of degree n — 1 then 

Xdef := {{v,w,x,z) : F{x,v,w,z) = 0} 

with F{x,v,w,z) := W'{x^ + fo{x) + + w'^ + z^ 

is the space where (for generic coefficients of /o) all the singularities are deformed. 
The spaces X^es, ^ and X^ef are the local Calabi-Yau manifolds that will be used in 
order to geometrically engineer the gauge theories we are interested in. Going from 
the resolved space Xres through the singular space to the deformed one X^ef is known 
as a geometric transition. 


4.2.3 Period integrals on local Calabi-Yau manifolds and Rie- 
mann surfaces 


We mentioned already in the introduction that one building block that is necessary to 
obtain the effective superpotential (2.14) of gauge theories is given by the integrals of 
the holomorphic (3, 0)-form hi, which exists on any (local) Calabi-Yau manifold, over 
all the (relative) three-cycles in the manifold. Here we will analyse these integrals on 
the space X^ef, and review how they map to integrals on a Riemann surface, which is 
closely related to the local Calabi-Yau manifold we are considering. 

Let us hrst concentrate on the dehnition of H. X^ef is given by a (non-singular) 
hypersurface in Clearly, on C'^ there is a preferred holomorphic (4, 0)-form, namely 
dxAdn Adtc Adz. Since X^ef is dehned by F = 0, where F is a holomorphic function in 
the X, V, w, z, the (4, 0)-form on induces a natural holomorphic (3, 0)-form on Xdef- 
To see this note that dF is perpendicular to the hypersurface F = 0. Then there is a 
unique holomorphic (3, 0)-form on F = 0, such that dx A dn A dw A dz = H A dF. If 
z ^ 0 it can be written as 


^ dx A dn A dtc A dz dx A dn A dtc 

“ If “ 2^ 

where z is a solution of F = 0. Turning to the three-cycles we note that, because of 
the simple dependence of the surface (4.74) on v, w and z every three-cycle of Xdef can 
be understood as a fibration of a two-sphere over a line segment in the hyperelliptic 
Riemann surface S, 


(4.75) 


= W'{x)^ + fo{x) =■. P[(i - af){x - a, ) , 

i=l 


(4.76) 
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of genus g = n — 1. This was first realised in [92] in a slightly different context, see [96] 
for a review. As explained above, this surface can be understood as two complex planes 
glued together along cuts running between a~ and af. Following the conventions of 
[P5] I/O, which is the branch of the Riemann surface with i/q ~ W'{x) for |x| —>■ cx), is 
defined on the upper sheet and yi = —yo on the lower one. For compact three-cycles 
the line segment connects two of the branch points of the curve and the volume of the 
F^-fibre depends on the position on the base line segment. At the end points of the 
segment one has y^ = b and the volume of the sphere shrinks to zero size. Non-compact 
three-cycles on the other hand are fibrations of over a half-line that runs from one 
of the branch points to infinity on the Riemann surface. Integration over the fibre is 
elementary and gives 



±27ri y{x)(ix , 


(4.77) 


(the sign ambiguity will be hxed momentarily) and thus the integral of the holomorphic 
n over a three-cycle is reduced to an integral of dzlmydx over a line segment in 
S. Clearly, the integrals over line segments that connect two branch points can be 
rewritten in terms of integrals over compact cycles on the Riemann surface, whereas 
the integrals over non-compact three-cycles can be expressed as integrals over a line 
that links the two inhnities on the two complex sheets. In fact, the one-form 


c := ydx (4.78) 

is meromorphic and diverges at inhnity (poles of order n -|- 2) on the two sheets and 
therefore it is well-defined only on the Riemann surface with the two inhnities Q and Q' 
removed. Then, we are naturally led to consider the relative homology i7i(S, {Q, Q'}), 
which we encountered already when we discussed Riemann surfaces in section 4.1. To 
summarise, one ends up with a one-to-one correspondence between the (compact and 
non-compact) three-cycles in (4.74) and Hi(T,, {Q,Q'}). Referring to our choice of 
bases {A®, Bj} respectively {a\ Pj} for i7i(S, {Q, Q'}), as dehned in Figs. 4.2 and 4.1, 
we dehne F^i,F^^. to be the R^-hbrations over and F„i,F^^. are R^-hbrations 

over Y,j3j. So the problem effectively reduces to calculating the integrals^ 


f fl = —ill [ C, for 7 G {a®,/3j, d,/3} . (4.79) 

Jv^i J-/ 

As we will see in the next chapter, these integrals can actually be calculated from a 
holomorphic matrix model. 

As mentioned already, one expects new features to be contained in the integral 

where jd runs from Q' on the lower sheet to Q on the upper one. Indeed, it is easy to see 
that this integral is divergent. It will be part of our task to understand and properly 

^The sign ambiguity of (4.77) has now been fixed, since we have made specific choices for the 
orientation of the cycles. Furthermore, we use the (standard) convention that the cut of ^/x is along 
the negative real axis of the complex x-plane. Also, on the right-hand side we used that the integral 
of C over the line segment is \ times the integral over a closed cycle 7 . 
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treat this divergence. As usual, the integral will be regulated and one has to make 
sure that physical quantities do not depend on the regulator and remain finite once 
the regulator is removed. In the literature this is achieved by simply discarding the 
divergent part. Here we want to give a more intrinsic geometric prescription that will 
be similar to standard procedures in relative cohomology. To render the integral finite 
we simply cut out two “small” discs around the points Q,Q'. If x,x' are coordinates 
on the upper and lower sheet respectively, one only considers the domains |a;| < Aq, 
< Aq, Aq G M. Furthermore, we take the cycle [3 to run from the point Aq on the 
real axis of the lower sheet to Aq on the real axis of the upper sheet. (Actually one 
could take Aq and Aq to be complex. We will come back to this point later on.) 



Chapter 5 

Holomorphic Matrix Models and 
Special Geometry 


After having collected some relevant background material let us now come back to the 
main line of our arguments. Our principal goal is to determine the effective super¬ 
potential (in the Veneziano-Yankielowicz sense, see section 3.3) of super Yang-Mills 
theory coupled to a chiral superheld in the adjoint representation with tree-level su¬ 
perpotential 

n+l 

= + (5.1) 

k=l 

We mentioned in the introduction that this theory can be geometrically engineered 
from type IIB string theory on the local Calabi-Yau manifolds X^es studied in section 
4.2.2. Furthermore, as we will review below, Cachazo, Intriligator and Vafa claim that 
the effective superpotential of this theory can be calculated from integrals of hi over 
all the three-cycles in the local Calabi-Yau X^ef, which is obtained from Y^es through 
a geometric transition. 

We reviewed the structure of the moduli space of a compact Calabi-Yau manifold 
X, and we found the special geometry relations 


X' 


Xi = 


dX 



(5.2) 


where hi is the unique holomorphic (3, 0)-form on X, and is a symplectic 

basis of H^{X). On Riemann surfaces similar relations hold. 

An obvious and important question to ask is whether we can find special geometry 
relations on the non-compact manifolds X^ef, which would then be relevant for the 
computation of the effective superpotential. We already started to calculate the inte¬ 
grals of O over the three-cycles in section 4.2.3 and we found that they map to integrals 
of a meromorphic form on a Riemann surface. It is immediately clear that the naive 
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special geometry relations have to be modified, since we have at least one integral over 
a non-compact cycle Fwhich is divergent. This can be remedied by introducing a 
cut-off Aq, but then the integral over the regulated cycle depends on the cut-off. The 
question we want to address in this chapter is how to evaluate the integrals of C = ydx 
of Eq. (4.79) on the hyperelliptic Riemann surface (4.76). Furthermore, we derive 
a set of equations for these integrals on the Riemann surface which is similar to the 
special geometry relations (5.2), but which contain the cut-off Aq. Finally, a clear cut 
interpretation of the function JF that appears in these relations is given. It turns out 
to be nothing but the free energy of a holomorphic matrix model at genus zero. For 
this reason we will spend some time explaining the holomorphic matrix model. 


5.1 The holomorphic matrix model 

The fact that the holomorphic matric model is relevant in this context was first dis¬ 
covered by Dijkgraaf and Vafa in [43], who noticed that the open topological B-model 
on Xres is related to a holomorphic matrix model with W as its potential. Then, 
in [45] they explored how the matrix model can be used to evaluate the effective su¬ 
perpotential of a quantum field theory. A general reference for matrix models is [59], 
particularly important for us are the results of [25]. Although similar to the Hermitean 
matrix model, the holomorphic matrix model has been studied only recently. In [95] 
Lazaroiu described many of its intriguing features, see also [91]. The subtleties of the 
saddle point expansion in this model, as well as some aspects of the special geometry 
relations were first studied in our work [P5]. 

5.1.1 The partition function and convergence properties 

We begin by defining the partition function of the holomorphic one-matrix model 
following [95]. In order to do so, one chooses a smooth path 7 : M —C without self¬ 
intersection, such that 7 (m) 7 ^ 0 Vm G M and | 7 (m)| —> 00 for m —> ±cx). Consider the 
ensemble r( 7 ) oT ISf x ISf complex matrices M with spectrum spec(M) = {Ai,... A^} 
in^ 7 and distinct eigenvalues, 

1 ( 7 ) := {M G : spec(M) C 7 , all A^ distinct} . (5.3) 

The holomorphic measure on is just dM = Ap^gdMpg with some appropriate sign 

convention [95]. The potential is given by the tree-level superpotential of Eq. (5.1) 

n+1 

W(x) := go+ hn+i = 1 • (5.4) 

k=l 

^We reserve the letter N for the number of colours in a U{N) gauge theory. It is important to 
distinguish between N in the gauge theory and N in the matrix model. 

^Here and in the following we will write 7 for both the function and its image. 
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Without loss of generality we have chosen gn+i = 1. The only restriction for the 
other complex parameters {gk}k=o,...n, collectively denoted by g, comes from the fact 
that the n critical points /i* of W should not be degenerate, i.e. iy"(/ij) 7 ^ 0 if 
W\x) = nr=i(^ ~ d'i)- Then the partition function of the holomorphic one-matrix 
model is 

Z{T{y),g,g,,N):=Cj^ [ dM exp f--tr ^(M)^ (5.5) 

Vr( 7 ) \ 9s / 

where gs is a positive coupling constant and Cj^ is some normalisation factor. To avoid 
cluttering the notation we will omit the dependence on 7 and g and write Z{gs, N) := 
Z(r{'y), g, gs, N). As usual [59] one diagonalises M and performs the integral over the 
diagonalising matrices. The constant is chosen in such a way that one arrives at 


Z(g,+) = + [d\,.. 

. [ dA^exp (-N^S{gs,N-,X^)) =: , 

(5.6) 

N\ 07 

07 V 0 



where 


S{gs,N;\m) 


1 

Wg 


N 

* m=l 


1 

iV 2 


^ln(Ap - 



(5.7) 


See [95] for more details. 

The convergence of the Am integrals depends on the polynomial W and the choice of 
the path 7 . For instance, it is clear that once we take W to be odd, 7 cannot coincide 
with the real axis but has to be chosen differently. For given W the asymptotic 
part of the complex plane (|a;| large) can be divided into convergence domains 
and divergence domains G['^\ I = 1 ,.. .n -|- 1 , where converges, respectively 

diverges as |x| —> 00 . To see this in more detail take x = re*® and gk = rke~^^^, with 
i^k > 0, 9, 9k G [0, 27r) for /c = 1,... n and r„+i = 1, 9n+i = 0, and plug it into the 
potential. 


W{rG^) =go + Yl 


n+l k 
TkV 


COS 


n+l k 

{k9 — 9k) + i -7 — sin(/c 6 ' — 9k) 


k=l 


k=l 


k 


(5.8) 


The basic requirement is that 


e S'* 


= e vanish for r 


If we fix 9, s.t. cos((n -|- 1)0) 7 ^ 0, then e ^^w{re ) exponeut tally for r 

if and only if cos((n -|- 1 ) 0 ) > 0 which gives 


CX). 


CO 


9 = —— -h n— -^ with / = 1, 2 ..., n -|- 1 and a G ti/2) . (5.9) 

n -|- 1 n + l 

This defines n + l open wedges in C with apex at the origin, which we denote by 
1 = 1..., n+l. The complementary sectors G^f^ are regions where cos((? 7 ,-|-l) 0 ) < 

0 , i.e. 

0 =- h TT- with / = 1, 2 ..., n -|- 1 and a G (— 7 r/ 2 , 7 r/ 2 ) . (5.10) 

n -I- 1 n -|- 1 
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Figure 5.1: Example of convergence and divergence domains for n = 2 and a possible 
choice of 721 . Because of holomorphicity the path can be deformed without changing 
the partition function, for instance one could use the path 721 instead. 


The path 7 has to be chosen [95] to go from some convergence domain to some 
other gI^\ with k ^ 1; call such a path 7 ^;, see Fig. 5.1. Note that, for the case of 
n + 1 even, the convergence sectors G^^'^ come in pairs, symmetric with respect to the 
inversion x —*• —x, so that and opposite each other and cover the real 

axis. Then we can choose 7 to coincide with the real axis. In this case the holomorphic 
matrix model reduces to the eigenvalue representation of the Hermitian matrix model. 
In the case of odd n + 1, the image of G^f^ under x —> —x is and the 

contour cannot chosen to be the real line. The value of the partition function depends 
only on the pair (/c, 1 ) and, because of holomorphicity, is not sensitive to deformations 
of 7 fei. In particular, instead of 7 ^^ we can make the equivalent choice [P5] 


Iki = 7 pip2 U 7 p2 P3 U ... U 7p„-ip„ U 7p„p„+i with pi = /c, pn+i = I, (5.11) 

as shown in Fig. 5.1. Here we split the path into n components, each component 
running from one convergence sector to another. Again, due to holomorphicity we can 
choose the decomposition in such a way that every component 7 pipi+i runs through 
one of the n critical points of W in C, or at least comes close to it. This choice of 
will turn out to be very useful to understand the saddle point approximation discussed 
below. Hence, the partition function and the free energy depend on the pair (fc, /), ^f, 
and N. Of course, one can always relate the partition function for arbitrary (A:, 1) to 
one with (A:', 1), A:' = A: — / + 1 mod n, and redefined coupling constants (?i,... Qn+i- 
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5.1.2 Perturbation theory and fat graphs 

Later we will discuss a method how one can calculate (at least part of) the free energy 
non-perturbatively. There is, however, also a Feynman diagram technique that can be 
used to evaluate the partition function. Here we follow the exposition of [58], where 
more details can be found. Dehne a Gaussian expectation value. 


(/(M))g := 


/ dM /(M)exp 

/dM exp (^-^f trM^j 


(5.12) 


and let us for simplicity work with a cubic superpotential in this subsection, W{x) = 
with m, g real and positive. (Note that we take gn+i = g ^ I in this section, 

since we want to do perturbation theory in ^f.) We set := Cjy J dM exp ^y tr 
and expand the interaction term. 


Z(9.,N) = / dM exp(-i|trMdf;T(_i|trM^ 

/ y_Q • \ ys 


V 




v=o 


9 s 3 


V' 


(5.13) 


G 


The standard way to calculate ((—^| tr M^)^)g is, of course, to introduce sources J 


with 


(exp(trJM))c = exp(|Ltrj2) , 
such that one obtains the propagator 


d d 

{MijMki)G= (exp(trJM))g 

OJji OJik 


= -SuS. 


J=0 


m 


ilOjk ■ 


(5.14) 


(5.15) 


More generally one deduces [58] the matrix Wick theorem 


( n = E n GIijMu)a, (5.16) 

\{i,j)el / Q parings P ((ij),(fc,p)GP 

where I is an index family containing pairs (f,j), and the sum runs over the set of 
possibilities to group the index pairs {i,j) again into pairs. Of course the propagator 
relation tells us that most of these pairings give zero. The remaining ones can be 
captured by Feynman graphs if we establish the diagrammatic rules of Fig. 5.2. For 
obvious reasons these Feynman graphs are called fatgraphs. We are then left with the 
relation 

((trM'^)^)G= J\fr (5.17) 

fatgraphs P with 
V k-valent vertices 
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Figure 5.2: The Feynman diagrammatic representation of the matrix Mij, the propa¬ 
gator {MijMji)G and an n-valent vertex tr(M"'). 


where F"(F) is the number of index loops in the fatgraph F, F'(F) is the number of 
propagators and A/r is the number of different ways the propagators can be glued 
together to build the fatgraph F. The partition function for our cubic example can 
then be expressed as 


Z{gs,N) 



fatgraphs T with 
V 3-valent vertices 


E 

fatgraphs P 


-a) 


VT)rn-^T). 


\Aut{T)\ 




(5.18) 


where |AMt(F)| is the symmetry group of F, a is the genus of the Riemann surface on 
which the fatgraph F can be drawn (c.f. our discussion in the introduction), and 

t := asN (5.19) 


is the (matrix model) 


’t Hooft coupling. Similarly, for the free energy we find 


F{gs,t)= ^-log(Z^) . (5.20) 

connected fatgraphs P I V /1 


Note that this has precisely the structure 


OO OO 

F{gs,t) = EE Fg^ht^af ^ -I- non-perturbative , 

^=0 h=l 


(5.21) 











64 


5 Holomorphic Matrix Models and Special Geometry 


that we encountered already in the introduction. This tells us that we can not deter¬ 
mine the entire free energy from a Feynman diagram expansion, since we also have to 
take care of the non-perturbative piece. Furthermore, note that in the particular limit 
in which TV —> cx) with hxed t only planar diagrams, i.e. those with ^ = 0, contribute 
to the perturbative expansion. 

The free energy can then be calculated perturbatively by following a set of Feynman 
rules: 

• To calculate F up to order draw all possible fatgraph diagrams that contain up 
to k vertices. 

• Assign a factor — ^ to every vertex. 

• Assign a factor ^ to every fatgraph propagator. 

• Assign a factor N to each closed index line. 

• Multiply the contribution of a given diagram by |AMf(F)|“^, where AutiV) is the 
automorphism group of the diagram. 

• Sum all the contributions and multiply the result by an overall minus sign, which 
comes from the fact, that F{gs,t) = — log Z{gs,t)- 

As an example let us calculate the planar free energy up to order g^. Clearly, we 
cannot build a vacuum diagram from an odd number of vertices, which is, of course, 
consistent with ((trM^)'^)^ = 0 for odd V. The hrst non-trivial contribution to the 
free energy comes from ((trM^)^)^, which is given by the sum of all possibilities to 
connect two trivalent vertices, see Fig. 5.3. The three diagrams that contribute are 



Figure 5.3: To calculate ((trM^)^) on has to sum over all the possibilities to connect 
two trivalent vertices. 

sketched in Fig. 5.4. According to our rules the hrst diagram gives the second 

Qs 771 Z 



Figure 5.4: From two three-valent vertices one can draw three Feynman diagrams, two 
of which can be drawn on the sphere, whereas the last one is “nonplanar”. 
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one contributes and the last one Then we have^ 

m,'^ D TTi'^ D 

( 5 . 22 ) 

The terms of order in Fo{t) can be obtained by writing down all fat graphs with 
four vertices that can be drawn on a sphere. They are sketched, together with their 
symmetry factor |74Mf(r)|, in Fig. 5.5. Adding all these contributions to the result of 



3 



12 


4 



2 


2 




Figure 5.5: All possible planar diagrams containing four vertices, together with their 
symmetry factors |AMt(F)|. 


order g'^ gives an expression for the planar free energy up to order g'^: 

2 gH^ 8 gH^ 


F«(t) = 


3 3 m® 




^Alternatively we can use the explicit formula for F. From (5.17) one obtains 


V 


FigsT) = ((trM3)^)^j-log(Z-) 


(5.23) 


(S)' (S' 


In the second line we used the fact that when writing down all possible pairings one obtains nine 
times the first diagram of Fig. 5.4, three times the second and three times the last one. Of course, 
the result coincides with the one obtained using the Feynman rules. 
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5.1.3 Matrix model technology 

Instead of doing perturbation theory one can evaluate the matrix model partition 
function using some specihc matrix model technology. Next, we will recall some of this 
standard technology adapted to the holomorphic matrix model. Let us first assume 
that the path 7 consists of a single connected piece. The case (5.11) will be discussed 
later on. Let s be the length coordinate of the path 7 , centered at some point on 7 , 
and let A(s) denote the parameterisation of 7 with respect to this coordinate. Then, 
for an eigenvalue on 7 , one has A^ = A(sm) and the partition function (5.6) can be 
rewritten as 


If f ^ 

Z{gs,N) = ^ / dsi... / dsj<;fT\X{si)exp (-N‘^S{g„N;X{sm))) 
N] Jr Jr ^ ^ 


(5.24) 


The spectral density is defined as 




N 


N 


m=l 


(5.25) 


so that p is normalised to one, p(s,Sm)ds = 1. The normalised trace of the 
resolvent of the matrix M is given by 




1 

N 


m=l 




^m) 

X — X(s) 


(5.26) 


for x G C. Following [95] we decompose the complex plane into domains Di, i ^ 
{ 1 ,..., n}, with mutually disjoint interior, (UjHj = C, A fl Dj = 0 for i 7 ^ j). These 
domains are chosen in such a way that 7 intersects each Di along a single line segment 
Aj, and UjAj = 7. Furthermore, /ij, the Tth critical point of hF, should lie in the 
interior of Di. One defines 





dx 1 
2ni X — M ' 


(5.27) 


(which projects on the space spanned by the eigenvectors of M whose eigenvalues lie 
in Di), and the hlling fractions di{Xm) '■= ;^trXj(M) and 


(^i(^m) ■ ^i(A(Sj72)) 


ds p{s,Sm)XiiKs)) = [ (5.28) 

JdDi 


(which count the eigenvalues in the domain Di, times 1/N). Obviously 


n 

i=l 


(5.29) 
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Loop equations 

Next we apply the methods of [94] to derive the loop equations of the holomorphic 
matrix model. We dehne the expectation value 


{h{Xm)) := 


Zigs,N) m 


dAi... / dA^ h(A^)exp A^)) . (5.30) 


From the translational invariance of the measure one finds the identity [94], [95] 

„ „ N 


dA.,,, / dA,jj; 


d 


n l 

(Afc — A/)e ss 




J -y ^ -7 1 

> ’ m=l 

Evaluating the derivative gives 

^ 1 - - V 




X — \r 


= 0 . 


(5.31) 


N N 


—; (x - 9s X- Xr 

2=1 ^ ' m=l 




( (Am A;)(x Am) 

m=l i=l 
l^m 


Using 


[x — a){x — (3) a — {3 \_x — a x — (3 


= 0 . (5.32) 


(5.33) 


we hnd 


N 


N N 


N 




(x Am)^ (Am Xi){x Am) ^ ^ Xm X A/ 




(5.34) 


l^m 


and therefore 


N 


)= 0 . 


tN A(Sm) 


(5.35) 


If we define the polynomial 


N 


, 4t ^ W'ix) - lU'(A(Sm)) . / 1 . 

f{x] Sm) := ^- 77^-7 -= -4t / ds p{s; Sm) 


W'(x) - fU'(A(s)) 


m=l 




X — A(s) 


we obtain the loop equations 


{uj{x]S^f) - jW\x){uj{x]Sm)) - ^(/(x;Sm)) = 0 . 


(5.36) 

(5.37) 


Equations of motion 

It will be useful to define an effective action as 


1 


N 


^effi^Qsi ^ Sm) ■ >S'(5's, fV, A(Sm)) ^ ^ lll(A(-Sm)) 

m=l 

= I ds p{s; Sm) ( ^lU(A(s)) - i ln(A(s)) - V j ds' p{s'; Sp) ln(A(s) - A(s')) ) (5.38) 
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so that 


Z{gs,N) = I dsi... I dsj^ exp[-N'^Seffigs,N;Sm) 


(5.39) 


Note that the principal value is dehned as 


V In (A(s) — A(s')) = - lirn In ( A(s) — A(s') + ieA(s)) + In ( A(s) — A(s') — ieX{s) 


ss 

The equations of motion corresponding to this effective action, = 0, read 


(5.. 


0 ) 


SSn 


N 




p=l, p^m 


1 A(5772) 

A(sm) ~ A(sp) iV A(sm)^ 


+ 


(5.41) 


Using these equations of motion one can show that 


UJ(X, Smf - jW'{x)uj{x, Syn) “ ^rn) + 


LA. { \ 

Ndx 


N 


1 A(Sm) _1 

^ - ASm) 


= 0 . 


(5.42) 


Solutions of the equations of motion 

Note that in general the effective action is a complex function of the real Sm- Hence, in 
general, i.e. for a generic path 7 ^^ with parameterisation A(s), there will be no solution 
to (5.41). One clearly expects that the existence of solutions must constrain the path 
A(s) appropriately. Let us study this in more detail. 

Recall that we dehned the domains Di in such a way that fii C Dy. Let Ny be the 
number of eigenvalues A(sm) which lie in the domain Dy, so that YL=iL = N, and 
denote them by A(sa^), a G { 1 ,... iVj}. 

Solving the equations of motion in general is a formidable problem. To get a good 
idea, however, recall the picture of Ny fermions hlled into the i-th. “minimum” oi jW 
[90]. For small t the potential is deep and the fermions are located not too far from the 
minimum, in other words all the eigenvalues are close to /Xj. To be more precise consider 
(5.41) and drop the last term, an approximation that will be justihed momentarily. 
Let us take t to be small and look for solutions'^ A(sa^) = /i* + \/i6Xa\ where (5Aa^ is of 
order one. So, we assume that the eigenvalues A(sa^) are not too far from the critical 
point fly. Then the equation reads 


Ni 


b=l, b^a 


N 5X^:^ - 5A® 


KAt) , 


(5.43) 


"^One might try the general ansatz A(sa^) = + eSXa^ but it turns out that a solution can be 


found only if e ~ 'Jt. 
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so we effectively reduced the problem to finding the solution for n distinct quadratic 
potentials. If we set Za := y neglect the o(A/t)-terms this gives 


2a = 


Ni 

T 

6 = 1 , b^a 


Za - Zb 


(5.44) 


which can be solved explicitly for small Ni. It is obvious that = 0, and one 

hnds that there is a unique solution (up to permutations) with the Za symmetrically 
distributed around 0 on the real axis. This justifies a posteriori that we really can ne¬ 
glect the term proportional to the second derivative of A(s), at least to leading order. 
Furthermore, setting = |hF"(/ij)|e*'^' one finds that the A(s),) sit on a tilted line 

segment around pi where the angle of the tilt is given by —(j)i/2. This means for exam¬ 
ple that for a potential with W'{x) = x{x — l)(a; -|- 1) the eigenvalues are distributed 
on the real axis around ±1 and on the imaginary axis around 0. Note further that, in 

general, the reality of Za implies that ^ ^(5Aa^ j > 0 which tells us that, close to 

/ij, hF(A(s)) — hF(/ii) is real with a minimum at A(s) = pj. 

So we have found that the path has to go through the critical points /i* with a 
tangent direction fixed by the phase of the second derivative of W. On the other hand, 
we know that the partition function does not depend on the form of the path 7 ^^. Of 
course, there is no contradiction; if one wants to compute the partition function from 
a saddle point expansion, as we will do below, and as is implicit in the planar limit, 
one has to make sure that one expands around solutions of (5.41) and the existence 
of these solutions imposes conditions on how to choose the path 7 ^^. From now on we 
will assume that the path is chosen in such a way that it satishes all these constraints. 
Furthermore, for later purposes it will be useful to use the path ^ki of (5.11) chosen 
such that its part 7 pipi+i goes through all Ni solutions \a\ a = 1 ,... iVj, and lies en¬ 
tirely in Hj, see Fig. 5.6. 

It is natural to assume that these properties together with the uniqueness of the so¬ 
lution (up to permutations) extend to higher numbers of Ni as well. Of course once 
one goes beyond the leading order in \/t the eigenvalues are no longer distributed on 
a straight line, but on a line segment that is bent in general and that might or might 
not pass through /x*. 


The large N limit 

We are interested in the large N limit of the matrix model free energy. It is well known 
that the expectation values of the relevant quantities like p or uj have expansions of 
the form 

00 00 

(p(s, Sm)) = '^Pl{s)N~^ , {(jJ^X.Sm)) = '^UJl{x)N~^ . (5.45) 

/=0 7=0 

Clearly, a;o(x) is related to po('S) by the large N limit of (5.26), namely 


uJo{x) 



Po(g) 

X — A(s) 


(5.46) 
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Y 21 


► 


Figure 5.6: For the cubic potential of Fig. 5.1 we show the choice of the domains Di 
and D 2 (to the left and right of the bold line) and of the path 721 with respect to the 
two critical points, as well as the cuts that form around these points. 

We saw already that an eigenvalue ensemble that solves the equations of motion is 
distributed along line segments around the critical points pj. In the limit N —>■ 00 this 
will turn into a continuous distribution on the segments G, through or close to the 
critical points of W. Then po('S) has support only on these G and a;o(x) is analytic in 
C with cuts Cj. Conversely, po{s) is given by the discontinuity of uJo{x) across its cuts: 



The planar limit we are interested in is > cx), 0 with t = psN held hxed. 
Hence we rewrite all N dependence as a Qs dependence and consider the limit ^ 0. 
Then, the equation of motion (5.41) reduces to 



(5.48) 


Note that this equation is only valid for those s where eigenvalues exist, i.e. where 
Po{s) ^ 0. In principle one can use this equation to compute the planar eigenvalue 
distribution po('S) for given W'. 

The leading terms in the expansions (5.45) for (p(s, Sm)) or {uj{x, Sm)), i-e. Po{s) or 
uJo{x), can be calculated from a saddle point approximation, where the are given 
by a solution of (5.41): po{s) = p(s; s^), or explicitly from eq. (5.25) 



m=l 


(5.49) 
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Note in particular that po{s) is manifestly real. This is by no means obvious for the 
full expectation value of p{s, Sm) since it must be computed by averaging with respect 
to a complex measure. In the planar limit, however, the quantum integral is essentially 
localized at a single classical conhguration and this is why po('S) is real. The large 
N limit of the resolvent a;o(x) = uj{x; s^) then is still given by (5.46). 

This prescription to compute expectation values of operators in the large JV limit is 
true for all “microscopic” operators, i.e. operators that do not modify the saddle 
point equations (5.41). (Things would be different for “macroscopic” operators like 

particular, this shows that expectation values factorise in the large 

JV limit. 


Riemann surfaces and planar solutions 

This factorisation of expectation values shows that in the large JV limit the loop equa¬ 
tion (5.37) reduces to the algebraic equation 


where 


fo(x) = -4t / ds po(s) 


- ^foix) = 0 , 

(5.50) 

W'{x) -W'{X{s)) 

X — A(s) 

(5.51) 


is a polynomial of degree n — 1 with leading coefficient —4t. Note that this coincides 
with the planar limit of equation (5.42). If we dehne 


Po(x) := IV'(x) - 2tLo’o(x) , 
then po is one of the branches of the algebraic curve 

p^ = W'(x)^ + fo(x) , 


(5.52) 


(5.53) 


as can be seen from (5.50). This is in fact an extremely interesting result. Not only is 
it quite amazing that a Riemann surface arises in the large JV limit of the holomorphic 
matrix model, but it is actually the Riemann surface (4.76), which we encountered 
when we were calculating the integrals of 12 over three-cycles in X^ef- This is important 
because we can now readdress the problem of calculating integrals on this Riemann 
surface. In fact, the matrix model will provide us with the techniques that are necessary 
to solve this problem. 

On the curve (5.53) we use the same conventions as in section 4.2.3, i.e. po(x) is 
dehned on the upper sheet and cycles and orientations are chosen as in Fig. 4.2 and 
Fig. 4.1. 

Solving a matrix model in the planar limit means to hnd a normalised, real, non¬ 
negative po(s) and a path %i which satisfy (5.46), (5.48) and (5.50/5.51) for a given 
potential W{z) and a given asymptotics {k,l) of 7. 

Interestingly, for any algebraic curve (5.53) there is a contour supporting a 
formal solution of the matrix model in the planar limit. To construct it start from an 
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arbitrary polynomial fo{x) or order n — 1, with leading coefficient —4t, which is given 
together with the potential W{x) of order n + 1. The corresponding Riemann surface 
is given by (5.53), and we denote its branch points by af and choose branch-cuts C* 
between them. We can read off the two solutions and yi = —yQ from (5.53), where we 
take 2/0 to be the one with a behaviour 2/0 +W'{x). ujq{x) is dehned as in (5.52) and 

we choose a path yki such that Ci C yui for all i. Then the formal planar spectral density 
satisfying all the requirements can be determined from (5.47) (see [95]). However, in 
general, this will lead to a complex distribution po(s)- This can be understood from 
the fact the we constructed po(s) from a completely arbitrary hyperelliptic Riemann 
surface. However, in the matrix model the algebraic curve (5.53) is not general, but 
the coefficients ak of fo{x) are constraint. This can be seen by computing the hlling 
fractions (cTi(sm)) in the planar limit where they reduce to (Tj(s)k)- They are given by 

■= = 7^ / ^^o{x)dx = / yo{x)dx = [ Po{s)ds , (5.54) 

which must be real and non-negative. Here we used the fact that the Dt were chosen 
such that C Di and therefore Ci C Di, so for Di on the upper plane, dDi 

is homotopic to —Ad. Hence, Im ylxjdxj = 0 which constrains the We 
conclude that to construct distributions po(s) that are relevant for the matrix model 
one can proceed along the lines described above, but one has to impose the additional 
constraint that po(s) is real [P5]. As for hnite JV, this will impose conditions on the 
possible paths jki supporting the eigenvalue distributions. 

To see this, we assume that the coefficients ak in fo(x) are small, so that the lengths 
of the cuts are small compared to the distances between the different critical points: 
\a^ — a)"| <C l/ij — Pj\. Then in hrst approximation the cuts are straight line segments 
between a)*" and a)". For x close to the cut Ci we have y^ ~ {x — af){x — ai[) Y\j^i{Pi — 
PjY = {x—a'l){x—a~){W'\pi)Y. If we set W'\pi) = \W'\pi)\e^‘^' andaf—a'C = 
then, on the cut Cj, the path 7 is parameterised by A(s) = and we 

hnd from (5.47) 


Po(s) = ^\/|A(s) 

/|A(5)-ar| 



/|A(i,)-ar|fr'Vi)(A(s)y. 

(5.55) 

So reality and positivity of po('S) lead to conditions on the orientation of the cuts in 
the complex plane, i.e. on the path 7 ; 

A = -0i/2 

W"(/i.)(A(s))^>0. 

(5.56) 


These are precisely the conditions we already derived for the case of hnite N. We see 
that the two approaches are consistent and, for given W and hxed W respectively n*, 
lead to a unique® solution {A(s), po('S)} with real and positive eigenvalue distribution. 

®To be more precise the path is not entirely fixed. Rather, for every piece dpiPi+i have the 
requirement that Ci C . 
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Note again that the requirement of reality and positivity of po{s) constrains the phases 
of — a~ and hence the coefficients of fo{x). 


5.1.4 The saddle point approximation for the partition func¬ 
tion 


Recall that our goal is to calculate the integrals of C = ydx on the Riemann surface 
(5.53) using matrix model techniques. The tack will be to establish relations for these 
integrals which are similar to the special geometry relations (5.2). After we have 
obtained a clear cut understanding of the function T appearing in these relations, 
we can use the matrix model to calculate T and therefore the integrals. A natural 
candidate for this function T is the free energy of the matrix model, or rather, since 
we are working in the large N limit, its planar component Ro(^)- However, Ro(^) 
depends on t only and therefore it cannot appear in relations like (5.2). To remedy 
this we introduce a set of sources Jj and obtain a free energy that depends on more 
variables. In this subsection we evaluate this source dependent free energy and its 
Legendre transform iFo{t, S) in the planar limit using a saddle point expansion [P5]. 

We start by coupling sources to the filling fractions,® 


Z{gs,N,J) : = 


A! 


/ dAi.. 

. / dA^exp 

J-y 

J'Y \ 


N 


n—1 




i=l 


= exp (-F(^„ A, J)) . 


(5.57) 


where J := {Ji,..., Note that because of the constraint = 1, 

dn(Am) is not an independent quantity and we can have only n — 1 sources. This 
differs from the treatment in [95] and has important consequences, as we will see 
below. We want to evaluate this partition function for N ^ oo, t = QgN fixed, from a 
saddle point approximation. We therefore use the path from (5.11) that was chosen 
in such a way that the equation of motion (5.41) has solutions and, for large A, 
Ci C 'Jpipi+i ■ It is only then that the saddle point expansion converges and makes sense. 
Obviously then each integral dA^ splits into a sum fj Let e M 

be the length coordinate on 'yp.p._^^, so that runs over all of M. Furthermore, crj(Am) 
only depends on the number Aj of eigenvalues in fliAj = Then the partition 

function (5.57) is a sum of contributions with fixed A* and we rewrite is as 

Z{gs,N,J)= Z{gs,N,Ni)e-i^Z7TAJ.N. ^ 

_Vl,...,7Vn 

®Note that exp YhZi Jicri{sm)j looks like a macroscopic operator that changes the equa¬ 

tions of motion. However, because of the special properties of ai(sm) we have -^crilsm) = 
'k -f^dD ^ (x-l(sn))^ ■ particular, for the path %i that will be chosen momentarily and the corre¬ 
sponding domains Di the eigenvalues Am cannot lie on dDi. Hence, = 0 and the equations 

of motion remain unchanged. 
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where now 


Z{g,,N,N,) = 

1 / 


Ni . . . Nn^. J 7pj^p2 


dAi 


( 1 ) 


X exp (-^S{gs,t-, A[^*M 
\ 9s / 

=: exp (T{gs,t,Ni"^ 


dA 


' ')'P1P2 


( 1 ) 

7Vi 


dAi' 


in) 


'7pnPn+l 


dA 


'7pnPn+l 


(n) 

Nn 


X 


(5.59) 


is the partition function with the additional constraint that precisely iVj eigenvalues 
he on Note that it depends on gg, t = ggN and Ni,... iV„_i only, as — 

N. Now that these numbers have been hxed, there is precisely one solution to the 
equations of motion, i.e. a unique saddle-point configuration, up to permutations of 
the eigenvalues, on each These permutations just generate a factor 

which cancels the corresponding factor in front of the integral. As discussed above, it 
is important that we have chosen the to support this saddle point configuration 

close to the critical point /ij of W. Moreover, since runs from one convergence 

sector to another and by (5.56) the saddle point really is dominant (stable), the “one- 
loop” and other higher order contributions are indeed subleading as 5 ^^ —0 with 
t = gsN hxed. This is why we had to be so careful about the choice of our path 
7 as being composed of n pieces 7 pipi+i. In the planar limit z/j := ^ is hnite, and 
iF{gs, t, i>i) = Vi) + .... The saddle point approximation gives 

9s 

g) = -t^Seff{gs = 0, t] s^^'^*{vi)) , (5.60) 

where (cf. (5.38)) Seff{gs = 0, t; Sa'^*{vi)) is meant to be the value of ^(O, f; A(sa ^(z/*))), 
with X{sa^*{vi)) the point on 7 pipi+i corresponding to the unique saddle point value 
Sa'^* with hxed fraction Vi of eigenvalues A^ in Di. Note that the ^ ^ A(sm,)-term 
in (5.38) disappears in the present planar limit. One can go further and evaluate 
subleading terms. In particular, the remaining integral leads to the logarithm of the 
determinant of the N x A^-matrix of second derivatives of S at the saddle point. This is 
not order g^ ~ as naively expected from the expansion of JF in powers of g^. Instead 
one hnds contributions like —iVlogiV, ylogf. The point is that —N^Seff{gs,t,s*{v)) 
also has subleading contributions, which are dropped in the planar limit (5.60). In 
particular, one can check very explicitly for the Gaussian model that these subleading 
contributions in Seff{s*) cancel the iVlogiV and the ylogf pieces from the determi¬ 
nant. A remaining A^-dependent (but v- and t-independent) constant could have been 
absorbed in the overall normalisation of Z. Hence the subleading terms are indeed 
o{9s) ~ o{N^). 

It remains to sum over the Ni in (5.58). In the planar limit these sums are replaced 
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by integrals: 





(5.61) 


Once again, in the planar limit, this integral can be evaluated using the saddle point 
technique and for the source-dependent free energy F{gs,t, J) = ^Fo(f, J) + ... we 

9 s 

find 

n—1 

Fo{t, = - ^o{t, ) ( 5 - 62 ) 

i=l 

where u* solves the new saddle point equation. 


f)'P 

tJi =. (5.63) 

dvi 

This shows that To(t, J) is nothing but the Legendre transform of v*) in the n — 1 
latter variables. If we dehne 


Si := tv* , for 7 = 1,.. 


(5.64) 

we have the inverse relation 


(5.65) 

and with JFo(t, S) := JFo(t, ^), where S := {S'!,... 

, one has from (5.62) 


n—1 




Fo{t,S) = Y,J^Si-Fo{t.J) , (5.66) 

i=l 


where Ji solves (5.65). From (5.60) and the explicit form of 5'e//, Eq.(5.38) with 
N —>■ oo, we deduce that 

Fo{t,S) = t^V J J ds' \n{X{s)-X{s'))po{s-,t,Si)po{s'-,t,Si)-t J dsW{X{s))po{s-,t,Si) , 

(5.67) 

where po{s;t,Si) is the eigenvalue density corresponding to the saddle point configu¬ 
ration Sa^* with ^ = Vi fixed to be v* = ^. Hence it satisfies 

t / po{s]t, Sj)ds = Si for i = 1, 2,... 77, — 1 , (5.68) 

Jr-HCi) 

and obviously 

„ n—1 

t / po{s]t,Sj)ds = t — 'S^Si . (5.69) 

Jr~^(Cn) i=l 

Note that the integrals in (5.67) are convergent and JFo(t, S) is a well-dehned function. 
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5.2 Special geometry relations 

After this rather detailed study of the planar limit of holomorphic matrix models we 
now turn to the derivation of the special geometry relations for the Riemann surface 
(4.76) and hence the local Calabi-Yau (4.74). Recall that in the matrix model the 
Si = tv* are real and therefore jFo(f, S') of Eq. (5.67) is a function of real variables. 
This is reflected by the fact that one can generate only a subset of all possible Riemann 
surfaces (4.76) from the planar limit of the holomorphic matrix model, namely those for 
which the v* = ( are real (recall ( = ydx). We are, however, interested in the 

special geometry of the most general surface of the form (4.76), which can no longer be 
understood as a surface appearing in the planar limit of a matrix model. Nevertheless, 
for any such surface we can apply the formal construction of ^ 0 ( 5)5 which will in 
general be complex. Then one can use this complex “spectral density” to calculate the 
function jFo(f, S') from (5.67), that now depends on comp/ea: variables. Although this 
is not the planar limit of the free energy of the matrix model, it will tnrn ont to be 
the prepotential for the general hyperelliptic Riemann snrface (5.53) and hence of the 
local Calabi-Yan manifold (4.74). 

5.2.1 Rigid special geometry 

Let us then start from the general hyperelliptic Riemann surface (4.76) which we view 
as a two-sheeted cover of the complex plane (cf. Figs. 4.2, 4.1), with its cnts G between 
and a/. We choose a path 7 on the npper sheet with parameterisation A(s) in such 
a way that C* C 7 . The complex function po(s) is determined from (5.47) and (5.52), 
as described above. We dehne the complex qnantities 



( 5 . 70 ) 


for i = 1,..., n — 1 , 


and the prepotential lFo(i, S) as in (5.67) (of course, t is —| times the leading coefficient 
of /o and it can now be complex as well). 

Following [95] one dehnes the “principal valne of i/q” along the path 7 (c.f. (5.40)) 


Voi^) ■= \ limbo(A(s) + ieA(s)) + yo{X{s) - ieA(s))] . (5.71) 


For points A(s) G 7 ontside C := UjC, we have y^is) = yo(A(s)), while y^is) = 0 on C. 



one hnds, using (5.46), (5.52) and (5.40), 




( 5 . 73 ) 


The fact that |/o(s) vanishes on C implies 


0(s) = ■= constant on Ci . 


( 5 . 74 ) 
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Integrating (5.73) between C* and Cj+i gives 





dA yo(X) 


1 

2 



dx y(x) 



From (5.67) we find for i < n 


A 


S) = -t 


^ dpo{s-,t,Sj) 

dS, 


0 (s) =^n-^i ■ 


(5.75) 


(5.76) 


To arrive at the last equality we used that po(s) = 0 on the complement of the cuts, 
while on the cuts (j){s) is constant and we can use (5.68) and (5.69). Then, for i < n — 1, 


d 




® Mt,s) = i f c- 




For i = n — 1, on the other hand, we find 

d 


- S) = in- in-1 = 7t / C • 

1 ^ APn-l 


dSn-1 

We change coordinates to 

i 

t = l 

and find the rigid special geometry^ relations 

1 




= 1 

dSi ^ 2 




(5.77) 

(5.78) 

(5.79) 

(5.80) 

(5.81) 


for i = 1,..., n — 1. Note that the basis of one-cycles that appears in these equations 
is the one shown in Fig. 4.1 and differs from the one used in [95]. The origin of this 
difference is the fact that we introduced only n — 1 currents Jj in the partition function 
( 5 . 57 ). 

Next we use the same methods to derive the relation between the integrals of ( over 
the cycles a and jS and the planar free energy [P5]. 


5.2.2 Integrals over relative cycles 


The first of these integrals encircles all the cuts, and by deforming the contour one sees 
that it is given by the residue of the pole of ( at infinity, which is determined by the 
leading coefficient of fo{x): 



^For a review of rigid special geometry see appendix C.2. 


(5.82) 
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The cycle /3 starts at infinity of the lower sheet, runs to the n-th cut and from there 
to infinity on the upper sheet. The integral of ( along jS is divergent, so we introduce 
a (real) cut-off Aq and instead take jd to run from Aq on the lower sheet through the 
n-th cut to Aq on the upper sheet. We find 

1 /C = T" !/o(A)dA = ,#.(A-'(A„))-,^(A-'(y)) = ,#,(A-'(A„))-e„ 

2 Jd Jat 

= W{Ao)-2tV j ds'\n{\o-Ks'))po{s'-,t,S,)-in. 

(5.83) 

On the other hand we can calculate 

^ p ^ ^ r ^ 

—J^o{t,S) = -J ds(l){X{s)) — [tpo{s;t,Si)] = -'^^i J ^ ds—[tpo{s;t, Si)] =-^n , 

(5.84) 

(where we used (5.68) and (5.69)) which leads to 

^ C = ^) + kh(Ao) - 2tv J ds' ln(Ao - A(/))po(5'; t, 

= ^-^o(i,-^) + Id^(Ao) - OogAgo . (5.85) 

Together with (5.82) this looks very similar to the usual special geometry relation. In 
fact, the cut-off independent term is the one one would expect from special geometry. 
However, the equation is corrected by cut-off dependent terms. The last terms vanishes 
if we take Aq to infinity but there remain two divergent terms which we are going to 
study in detail below.® For a derivation of (5.85) in a slightly different context see [29]. 


5.2.3 Homogeneity of the prepotential 


The prepotential on the moduli space of complex structures of a compact Calabi- 
Yau manifold is a holomorphic function that is homogeneous of degree two. On the 
other hand, the structure of the local Calabi-Yau manifold (4.74) is captured by a 
Riemann surface and it is well-known that these are related to rigid special geometry. 
The prepotential of rigid special manifolds does not have to be homogeneous (see for 
example [38]), and it is therefore important to explore the homogeneity structure of 
jFo(f, S). The result is quite interesting and it can be written in the form 


n-l 


Qjr _ oyr 

Si-^{t, Si) -h Si) = 2JR)(t, Si)+t I ds po{s] t, S'i)hF(A(s)) . (5.86) 


2=1 


dt 


®Of course, one could define a cut-off dependent function (t, S) := S)+tW (Aq) — ^ log Ag 
for which one has ^ C = ° ® (^) ^ote, however, that this is not a stan¬ 

dard special geometry relation due to the presence of the o ^^^-terms. Furthermore, has no 
interpretation in the matrix model and is divergent as Aq —> oo. 
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To derive this relation we rewrite Eq. (5.67) as 



n—1 


= -t ds po(s;t,Si)W(X(s))+ Ci)Si-■ (5.87) 



we used (5.76). The result then follows from (5.84). 

Of course, the prepotential was not expected to be homogeneous, since already for 
the simplest example, the conifold, jFg is known to be non-homogeneous (see section 
5.2.5). However, Eq. (5.86) shows the precise way in which the homogeneity relation 
is modihed on the local Calabi-Yau manifold (4.74). 

5.2.4 Duality transformations 

The choice of the basis {«*,d,/?} for the (relative) one-cycles on the Riemann sur¬ 
face was particularly useful in the sense that the integrals over the compact cycles 
a* and f3j reproduce the familiar rigid special geometry relations, whereas new fea¬ 
tures appear only in the integrals over a and (3. In particular, we may perform any 
symplectic transformation of the compact cycles a* and /3j, i, j = 1,.. .n — 1, among 
themselves to obtain a new set of compact cycles which we call a* and bj. Such sym¬ 
plectic transformations can be generated from (i) transformations that do not mix 
a-type and 5-type cycles, (ii) transformations a* = a®, bi = j3i + a® for some i and (iii) 
transformations a® = f3i, bi = —a® for some i. (These are analogue to the trivial, the T 
and the S modular transformations of a torus.) For transformations of the first type 
the prepotential T remains unchanged, except that it has to be expressed in terms of 
the new variables Sj, which are the integrals of C, over the new a® cycles. Since the 
transformation is symplectic, the integrals over the new b^ cycles then automatically 
are the derivatives For transformations of the second type the new prepotential 

is given by JEo(t, d- iT^Sf and for transformations of the third type the prepotential 
is a Legendre transform with respect to Q. In the corresponding gauge theory the 
latter transformations realise electric-magnetic duality. Consider e.g. a symplectic 
transformation that exchanges all compact a®-cycles with all compact fdi cycles: 



(5.88) 


Then the new variables are the integrals over the Oj-cycles which are 



(5.89) 


and the dual prepotential is given by the Legendre transformation 


n—1 


Toit, ^) := ^ SiTTi - J^o(C S) , 


( 5 . 90 ) 
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such that the new special geometry relation is 

diti * Am J^i 


(5.91) 


Comparing with (5.62) one hnds that IFoit,!!) actually coincides with Fo{t, J) where 
Ji — Ji+i = TTi for i = 1 ,... n — 2 and J„_i = 7r„_i. 

Next, let us see what happens if we also include symplectic transformations involv¬ 
ing the relative cycles a and [3. An example of a transformation of type (i) that does 
not mix {a, a} with {/9,/3} cycles is the one from {a\ Pj,d, P} to {A\Bj}, c.f. Figs. 
4.1, 4.2. This corresponds to 




, 

Si — Si-i for i = 2,.. .n — 1 , 


Sn 


t - Sn-1 




(5.92) 


so that 



(5.93) 


The prepotential does not change, except that it has to be expressed in terms of the 
Si- One then hnds for Bi = J2jZi Pj + P 


1 

2 



dFojS) 

dS, 


+ fF(Ao) 



lOgAg +0 



(5.94) 


We see that as soon as one “mixes” the cycle (3 into the set {/?*} one obtains a number 
of relative cycles B^ for which the special geometry relations are corrected by cut-off 
dependent terms. An example of transformation of type (iii) is d —> /3, /9 —*• —a. 
Instead of t one then uses 


TT 


dMPS) 

at 


lim 

Aq—^■ co 


- C-W{Ao)+t\ogAl 


as independent variable and the Legendre transformed prepotential is 


jF(7r, S) := tit — iFo{t, S) , 


(5.95) 


(5.96) 


so that now 

aH-i', g) . 1 /■, 

dit Am A 


(5.97) 


Note that the prepotential is well-dehned and independent of the cut-off in all cases (in 
contrast to the treatment in [40)). The hniteness of 3F is due to tt being the corrected, 
finite integral over the relative /3-cycle. 
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Note also that if one exchanges all coordinates simultaneously, i.e. a® (3i, a ^ 
/3,j3i —>• —a\ jS —>• —d, one has 

n—1 

tt) := tTT + ^ SiTii - Si) . (5.98) 

i=l 

Using the generalised homogeneity relation (5.86) this can be rewritten as 

= ^o{t,Si) + t j ds po(s;U>§i)W^(-^(s)) . (5.99) 

It would be quite interesting to understand the results of this chapter concerning 
the parameter spaces of local Calabi-Yau manifolds in a more geometrical way in the 
context of (rigid) special Kahler manifolds along the lines of C.2. 


5.2.5 Example and summary 


Let us pause for a moment and collect the results that we have deduced so far. In 
order to compute the effective superpotential of our gauge theory we have to study the 
integrals of 12 over all compact and non-compact three-cycles on the space X^ef, given 
by 

W'{x)‘^ + fo{x) + = 0 . (5.100) 

These integrals map to integrals of ydx on the Riemann surface S, given by = 
W'^x)"^ + fo{x) over all the elements of Hi(Il, {Q,Q'}). We have shown that it is 
useful to split the elements of this set into a set of compact cycles a® and f3i and a 
set containing the compact cycle a and the non-compact cycle f3, which together form 
a symplectic basis. The corresponding three-cycles on the Calabi-Yau manifold are 
T^i, T^^, Ta, T^. This choice of cycles is appropriate, since the properties that arise 
from the non-compactness of the manifold are then captured entirely by the integral of 
the holomorphic three-form 12 over the non-compact three-cycle T^ which corresponds 

to f3. Indeed, combining (4.79), (5.80), (5.81), (5.82) and (5.85) one hnds the following 
relations 


1 

[ n = 

2mSi , 

2m , 

'T i 

1 

f n = 

dXo{t, S) 

2m ^ 


dS, 

1 

f n = 

2mt , 

2'Ki 

Jrs. 

1 

f n = 

dXo{t, S) 

2'Ki 

4 

dt 


5 


-|- IV (Aq) — t log Aq -|- o 



(5.101) 

(5.102) 

(5.103) 

(5.104) 


These relations are useful to calculate the integrals, since iFo(t,S) is the (Legendre 
transform of) the free energy coupled to sources, and it can be evaluated from (5.67). 
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In the last relation the integral is nnderstood to be over the regnlated cycle T^ which 
is an S'^-fibration over a line segment running from the n-th cut to the cut-off Aq. 
Clearly, once the cut-off is removed, the last integral diverges. This divergence will be 
studied in more detail below. 


The conifold 

Let us illustrate these ideas by looking at the simplest example, the deformed conifold. 
In this case we have n = 1, hL(x) = ^ /o(x) = —p = —At, p G M"*", and 

Xdef = Cdef is given by 

— p = t) . (5.105) 

As n = 1 the corresponding Riemann surface has genus zero. Then 


c 


ydx = 


y/x"^ — At dx on the upper sheet 
— y/x"^ — At dx on the lower sheet 


(5.106) 


We have a cut C = [—2y/t,2y/t] and take A(s) = s to run along the real axis. The 
corresponding po(s) is immediately obtained from (5.47) and (5.52) and yields the well- 
known po(s) = — s^, for s e [—2v^, 2v^] and zero otherwise, and from (5.67) 

we hnd the planar free energy 


-^o(t) 



(5.107) 


Note that t f ds po(s)W(X(s)) = y and jFg satishes the generalised homogeneity rela¬ 
tion (5.86) 

riT 

t^(t) = 2.Fo(t) + ^. (5.108) 

For the deformed conifold the integrals over hi can be calculated without much 
difficulty and one obtains 


- [ fl = - [ C = 2'Kit = 27TiS 

2m L 2j> 


A 


2.m /p. 




Aq 

2v^ 


On the other hand, using the explicit form of JFo(t) we hnd 

^ + W(A„)-tlogAS= A + 


li-1 

At 


(5.109) 

(5.110) 


(5.111) 


1 


which agrees with (5.110) up to terms of order o 


0 













Chapter 6 

Superstrings, the Geometric 
Transition and Matrix Models 


We are now in a position to combine all the results obtained so far, and explain the 
conjecture of Cachazo, Intriligator and Vafa [27] in more detail. Recall that our goal is 
to determine the effective superpotential, and hence the vacuum structure, of A/” = 1 
super Yang-Mills theory with gauge group U{N) coupled to a chiral superheld $ in 
the adjoint representation with tree-level superpotential 

OO 

W{<^>) = J2j^^^" + 9o ■ ( 6 . 1 ) 


In a given vacuum of this theory the eigenvalues of <h sit at the critical points of W{x ), 
and the gauge group U{N) breaks to nr=i if number of eigenvalues 

at the i-th critical point of W(x). Note that such a <h also satishes the D-flatness 
condition (3.21), since tr([$l,<h]^) = 0. 

At low energies the SU{Ni)-paTt of the group U{Ni) conhnes and the remaining 
gauge group is t/(l)”. The good degrees of freedom in this low energy limit are the 
massless photons of the f/(l) C U{Ni) and the massive chiral superhelds^ S'/* with the 
gaugino bilinear Aa^A“6) as their lowest component. We want to determine the quan¬ 
tities (Sf), and these can be obtained from minimising the effective superpotential. 


dw!}fist) 


dSf 


= 0 


{sf) 


( 6 . 2 ) 


Therefore, we are interested in determining the function Since we are in 

the low energy regime of the gauge theory, where the coupling constant is large, this 
is a very hard problem in held theory. However, it turns out that the effective super¬ 
potential can be calculated in a very elegant way in the context of string theory. 


^For clarity we introduce a superscript gt for gauge theory quantities and st for string theory 
objects. These will be identified momentarily, and then the superscript will be dropped. 
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6 Superstrings, the Geometric Transition and Matrix Models 


As mentioned in the introduction, the specihc vacuum of the original U{N) gauge 
theory, in which the gauge group U (iV) is broken to nr=i ^ t)e generated from 
type IIB theory by wrapping iVj D5-branes around the f-th CP^ in X^es (as dehned in 
(4.71)). We will not give a rigorous proof of this statement, but refer the reader to [87] 
where many of the details have been worked out. Here we only try to motivate the re¬ 
sult, using some more or less heuristic arguments. Clearly, the compactihcation of type 
IIB on Xres leads to an A/” = 2 theory in four dimensions. The geometric engineering 
of A/" = 2 theories from local Calabi-Yau manifolds is reviewed in [105]. Introducing 
the N = D5-branes now has two effects. First, the branes reduce the amount 

of supersymmetry. If put at arbitrary positions, the branes will break supersymmetry 
completely. However, as shown in [18], if two dimensions of the branes wrap holomor- 
phic cycles in Xres, which are nothing but the resolved CP^, and the other dimensions 
£11 Minkowski space, they only break half of the supersymmetry, leading to an A/” = 1 
theory. Furthermore, U (W) vector multiplets arise from open strings polarised along 
Minkowski space, whereas those strings that start and end on the wrapped branes lead 
to a four-dimensional chiral superfield 4) in the adjoint representation of the gauge 
group. A brane wrapped around a holomorphic cycle C in a Calabi-Yau manifold 
X can be deformed without breaking the supersymmetry, provided there exist holo¬ 
morphic sections of the normal bundle NC. These deformations are the scalar fields 
in the chiral multiplet, which therefore describe the position of the wrapped brane. 
The number of these deformations, and hence of the chiral fields, is therefore given 
by the number of holomorphic sections of NC. However, on some geometries these 
deformations are obstructed, i.e. one cannot construct a finite deformation from an in¬ 
finitesimal one (see [87] for the mathematical details). These obstructions are reflected 
in the fact that there exists a superpotential for the chiral superfield at the level of the 
four-dimensional action. In [87] it is shown that the geometry of Xres is such that the 
superpotential of the four-dimensional field theory is nothing but hF($). 

We have seen that the local Calabi-Yau manifold Xres can go through a geometric 
transition, leading to the deformed space Xdef (as defined in (4.74)). This tells us that 
there is another interesting setup, which is intimately linked to the above, namely type 
IIB on Xdef with additional three-form background flux G^. The background flux is 
necessary in order to ensure that the four-dimensional theory is A/” = 1 supersymmetric. 
A heuristic argument for its presence has been given in the introduction. The A/” = 1 
four-dimensional theory generated by this string theory then contains n U{1) vector 
superfields and n chiral superfields^ Sf, the lowest component of which is proportional 
to the size^ of the three-cycles in Xdef, 


(6.3) 


^The bar in Sf indicates that in the defining equation (6.3) one uses the set of cycles 
c.f. Eq. (5.92). 

is a calibration, i.e. it reduces to the volume form on E^i, see e.g. [86]. 
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The superpotential W^jj^ for these helds is given by the formula'^ [75] 





(6.4) 


see also [128], [106]. Of course, W^jj- does not only depend on the Sf, but also on the gk, 
since O is defined in terms of the tree-level superpotential, c.f. Eq. (4.75). Furthermore, 
as we will see, it also depends on parameters A*, which will be identihed with the 
dynamical scales of the SU{Ni) theories below. It is quite interesting to compare the 
derivation of this formula in [75] with the one of the Veneziano-Yankielowicz formula in 
[132]. The logic is very similar, and indeed, as we will see, Eq. (6.4) gives the effective 
superpotential in the Veneziano-Yankielowicz sense. It is useful to dehne 



(6,5) 


for i = 1,... n — 1, and use the set of cycles {r^i, Tg., T^, Tinstead (see the discussion 
in section 4.2.3 and Figs. 4.2, 4.1 for the definition of these cycles). Then we find 





( 6 . 6 ) 


Here we used the fact that, as explained in section 4.2.3, the integrals of hi over three- 
cycles reduce to integrals of ( := ydx over the one-cycles in {Q,Q'}) on the 

Riemann surface S, 

y^ = W\xf + fo{x) , (6.7) 

c.f. Eq. (4.79). However, from our analysis of the matrix model we know that the 
integral of ( over the cycle [3 is divergent, c.f. Eq. (5.85). Since the effective super¬ 
potential has to be hnite we see that (6.6) cannot yet be the correct formula. Indeed 
from inspection of (5.85) we hnd that it contains two divergent terms, one logarithmic, 
and one polynomial divergence. The way how these divergences are dealt with, and 
how a finite effective superpotential is generated, will be explained in the first section 
of this chapter. 


"^The original formula has the elegant form ^ G 3 A fl, which can then be written as 

(6.4) using the Riemann bilinear relations for Calabi-Yau manifolds. However, Xdef is a local Calabi- 
Yau manifold and we are not aware of a proof that the bilinear relation does hold for these spaces as 
well. 
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The claim of Cachazo, Intriligator and Vafa is that the four-dimensional superpo¬ 
tential (6.4), generated from IIB on x X^ef with background flux, is nothing but 
the effective superpotential (in the Veneziano-Yankiwlowicz sense) of the original gauge 
theory, 

WfjjiSf) = . ( 6 . 8 ) 

Put differently we have 

(Sf) = (Sf) , (6.9) 


where the left-hand side is the vacuum expectation value of the gauge theory operator 
sf, whereas the right-hand side is a Kahler parameter of X^ej (proportional to the 
size of PaOj that solves 


dWffSf) 


dSf 


= 0 


(Sf) 


( 6 . 10 ) 


Therefore, the vacuum structure of a gauge theory can be studied by evaluating Wfj:, 
i.e. by performing integrals in the geometry X^ef- From now on the superscripts gt 
and st will be suppressed. 

We are going to check the conjecture of Cachazo-Intriligator and Vafa by looking 
at simple examples below. 


6.1 Superpotentials from string theory with fluxes 

In this section we will first analyse the divergences in (6.6) and show that the effective 
potential is actually finite if we modify the integration over in a suitable way. We 
closely follow the analysis of [P5], where the necessary correction terms were calculated. 
Then we use our matrix model results to relate the effective superpotential to the planar 
limit of the matrix model free energy. 

6.1.1 Pairings on Riemann surfaces with marked points 

In order to understand the divergences somewhat better, we will study the meromor- 
phic one-form ( := ydx on the Riemann surface S given by Eq. (6.7) in more detail. 
Recall that Q, Q' are those points on the Riemann surface that correspond to oo, oo' 
on the two-sheets of the representation (6.7) and that these are the points where C 
has a pole. The surface with the points Q, Q' removed is denoted by S. First of 
all we observe that the integrals ( and ( only depend on the cohomology class 

[C] G Id^(E), whereas (where jd extends between the poles of C, i.e. from cg' on 
the lower sheet, corresponding to Q', to oo on the upper sheet, corresponding to Q,) 
is not only divergent, it also depends on the representative of the cohomology class, 
since for ^ = C + dp one has = /^C + Igp P Note that the integral would 

be independent of the choice of the representative if we constrained p to be zero at d(d. 
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But as we marked Q, Q' on the Riemann surface, p is allowed to take finite or even 
infinite values at these points and therefore the integrals differ in general. 

The origin of this complication is, of course, that our cycles are elements of the rela- 
fzne homology group hri(S, {Q, Q'}). Then, their is a natural map (.,.) : i7i(S, {Q, Q'}) 
X {Q, Q'}) — > C. {Q, Q'}) is the relative cohomology group dual to 

{Q,Q'}). In general, on a manifold M with submanifold iV, elements of relative co¬ 
homology can be dehned as follows (see for example [88]). Let Q^{M,N) be the 
set of /c-forms on M that vanish on N. Then H^{M,N) := N)/N), 

where Z^{M,N) := {u G n^{M,N) : dw = 0} and B’^{M,N) := dn^-\M,N). For 
[f] G Hk{M,N) and [rj] G the pairing is dehned as 

(f,r/)o := . (6.11) 

This does not depend on the representative of the classes, since the forms are constraint 
to vanish on N. 

Now consider ^ G Q^{M) such that i*^ = d(j), where i : iV —> M is the inclusion 
mapping. Note that ^ is not a representative of an element of relative cohomology, as 
it does not vanish on N. However, there is another representative in its cohomology 
class [^] G namely = ^ — d(j) which now is also a representative of H^{M, N). 

For elements ^ with this property we can extend the dehnition of the pairing to 

(f,e)o:=^(e-d 0 ) . ( 6 . 12 ) 

More details on the various possible dehnitions of relative (co-)homology can be found 
in appendix B.3. 

Clearly, the one-form C, = ydx on S is not a representative of an element of 
H^(S, {Q, Q'}). According to the previous discussion, one might try to hnd = C~d(p 

where (p is chosen in such a way that vanishes at Q, Q', so that in particular 

J^Ctp = hnite. In other words, we would like to hnd a representative of [C] G 
which is also a representative of Unfortunately, this is not possible, 

because of the logarithmic divergence, i.e. the simple poles at Q, Q', which cannot be 
removed by an exact form. The next best thing we can do instead is to determine p 
by the requirement that = C ~ dyj only has simple poles at Q, Q'. Then we dehne 
the pairing [P5] 

^ (6.13) 

which diverges only logarithmically. To regulate this divergence we introduce a cut¬ 
off as before, i.e. we take [3 to run from Aq to Aq. We will have more to say about 
this logarithmic divergence below. So although is not a representative of a class in 
/7^(E, {Q, Q'}) it is as close as we can get. 

We now want to determine (p explicitly. To keep track of the poles and zeros of the 
various terms it is useful to apply the theory of divisors, as explained in appendix B.2 
and e.g. in [55]. The divisors of various functions and forms on S have already been 
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explained in detail in section 4.1. Consider now ipk '■= y d(pk = 

For X close to Q or Q' the leading term of this expression is ±(/c — ^ — l)a:^“^“^da;. This 
has no pole at Q, Q' for k < g, and ior k = g + 1 the coefficient vanishes, so that we do 
not get simple poles at Q,Qk This is as expected as dipk is exact and cannot contain 
poles of hrst order. For k>g + 2 = n+ l the leading term has a pole of order k — g 
and so dipk contains poles of order k — g,k — g — 1,.. .2 at Q,Q'. Note also that at 
Pi,... P 2 g +2 one has double poles for all k (unless a zero of y occurs at x = 0). Next, 
we set 

(/?=—, (6.14) 

y 

with V a polynomial of order 2g + 3. Then dip has poles of order g + ?),g + 2,.. .2 at 
Q, Q', and double poles at the zeros of y (unless a zero of Vk coincides with one of the 
zeros of y). From the previous discussion it is clear that we can choose the coefficients 
in V such that = C ~ has a simple pole at Q,Q' and double poles at 

Pi, P 2 , ■ ■. P 2 g+ 2 - Actually, the coefficients of the monomials in V with k < g are 
not hxed by this requirement. Only the g + 2 highest coefficients will be determined, 
in agreement with the fact that we cancel the g + 2 poles of order ^ + 3,... 2. 

It remains to determine the polynomial V explicitly. The part of ( contributing 
to the poles of order > 2 at Q, Q' is easily seen to be diW'{x)dx and we obtain the 
condition 


W'ix) 




'^xY + /(x) 


x^ 


(6.15) 


Integrating this equation, multiplying by the square root and developing the square 
root leads to 

2t 

IF(x)VF'(x)--^x” — P(x) = ex" + o (x""”^) , (6.16) 

where c is an integration constant. We read off [P5] 


ip{x) = 


W (x)IF'(x) — + c) x" + o (x' 

y 


n— 


(6.17) 


and in particular, for x close to inhnity on the upper or lower sheet. 


p>{x) 


± 


IF(x) 


01 - 

X 


(6.18) 


The arbitrariness in the choice of c has to do with the fact that the constant IF(0) 
does not appear in the description of the Riemann surface. In the sequel we will choose 
c = 0, such that the full IF(x) appears in (6.18). As is clear from our construction, 
and is easily verihed explicitly, close to Q,Q' one has - (Tf+ o(;^))dx. 

With this ip we hnd 


c.= /.c- 




■ ip{Ao) + ipiA'o) = C 

Jg 


2(lF(Ao) + o(- 


(6.19) 
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Note that, contrary to has poles at the zeros of y, but these are double poles and 
it does not matter how the cycle is chosen with respect to the location of these poles 
(as long as it does not go right through the poles). Note also that we do not need to 
evaluate the integral of explicitly. Rather one can use the known result (5.85) for 
the integral of ( to hnd from (6.19) 

Let us comment on the independence of the representative of the class [C] G iL^(E). 
Suppose we had started from ( := (^ + dp instead of (. Then determining p by the 
same requirement that C — d<p only has hrst order poles at Q and Q' would have led 
to (p = <p + p (a possible ambiguity related to the integration constant c again has to 
be hxed). Then obviously 


(p^()= [c- [ ^ = (p^c) > ( 6 - 21 ) 

' ' Jy Jay Jy Jay ' ' 

and hence our pairing only depends on the cohomology class [C]. 

Finally, we want to lift the discussion to the local Calabi-Yau manifold. There we 
dehne the pairing 


(r^, fi) := ^ (fi - d*) = (-!i) ^ (C - if) , 
where (recall that c = 0) 


( 6 . 22 ) 




$ ; = 


W(x)W'(x)-^^x^ duAdn; 


w'{xy + /o(x) 


2z 


(6.23) 


is such that /p. d<h = —ivr /ad<p. Clearly, we have 




(6.24) 


6.1.2 The superpotential and matrix models 

Let us now return to the effective superpotential W^ff in (6.6). Following [27] and [45] 
we have for the integrals of G3 over the cycles Fyi and F b- 


N^ = 



T := (Fb,,G 3) for 


1,... n . 


(6.25) 


Here we used the fact that the integral over the flux on the deformed space should be 
the same as the number of branes in the resolved space. It follows for the integrals 
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over the cycles Fq and F p 

iV, 

N = Tn,= I G, 

i=l 

For the non-compact cycles, instead of the usual integrals, we use the pairings of 
the previous section. On the Calabi-Yau, the pairings are to be understood e.g. as 
Ti = —in {Bi, h), where G 3 = —2nih and S'^ is the sphere in the hbre of F^^ —> Bi. 
Note that this implies that the r* as well as Tq have (at most) a logarithmic divergence, 
whereas the hi are hnite. We propose [P5] that the superpotential should be dehned 
as 



T := G^ = Ti- Ti+i for i = 1,.. .n - 1 , 


'r«. 


) "To (ha, G3 ) — . 


(6.26) 





This formula is very similar to the one advocated for example in [99], but now the 
pairing (6.13) is to be used. Note that Eq. (6.27) is invariant under symplectic trans¬ 
formations on the basis of (relative) three-cycles on the local Calabi-Yau manifold, resp. 
(relative) one-cycles on the Riemann surface, provided one uses the pairing (6.13) for 
every relative cycle. These include a* —>■ A, d —>■ /3, Pi —>• —a\ P —>• —d, which acts 
as electric-magnetic duality. 

It is quite interesting to note what happens to our formula for the superpotential 
in the classical limit, in which we have Si = t = t), i.e. fQ{x) = 0. In this case we have 
C = dW and we hud 


Weff 


n—1 


^N, 



N 

iW^- 


i=l 



/ W(x)W'{x) +o{x 

V y 



(6.28) 


where /i* are the critical points of W. But this is nothing but the value of the tree-level 
superpotential in the vacuum in which U{N) is broken to U{Ni). 


By now it should be clear that the matrix model analysis was indeed very useful 
to determine physical quantities. Not only do we have a precise understanding of the 
divergences, but we can now also rewrite the effective superpotential in terms of the 
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matrix model free energy. Using the special geometry relations (5.80), (5.81) for the 
standard cycles and (5.82), (6.20) for the relative cycles, we obtain 

n—1 g n—1 

^e// = ~ Si,..., Sn-l) + 2m fjSj 

1 Cy ^ 7 -t 

1=1 ^ 1=1 

-N-^J^o{t,Si,...,Sn-i) + {N\ogAl + 2Trifo)t + o(^-^'^ . (6.29) 

The limit Aq —> cxo can now be taken provided A^logAg + 2nifo is hnite. In other 
words, 27rifo itself has to contain a term — A^logAg which cancels against the hrst one. 
This is of course quite reasonable, since Tq is dehned via the pairing ^/3, h^, which is 
expected to contain a logarithmic divergence. Note that Tq is the only flux number in 
(6.29) that depends on Aq. This logarithmic dependence on some scale parameter is of 
course familiar from quantum held theory, where we know that the coupling constants 
depend logarithmically on some energy scale. It is then very natural to identify [27] 
the hux number tq with the gauge theory bare coupling as 


Ivri 0 


To = 


% 




(6.30) 


In order to see this in more detail note that our gauge theory with a chiral superheld 
in the adjoint has a /3-function (3{g) = This leads to log If 

Ao is the cut-off of the gauge theory we have ^ ^ log j. We 

now have to identify the gauge theory cut-off Aq with the cut-off Aq on the Riemann 
surface as 

Ao = Ao (6.31) 

to obtain a hnite effective superpotential. Indeed, then one gets 


N log Aq -|- 2mfo = 2mf{p) + 2N log p = 2N log A , (6.32) 

with hnite A = and f(/i) as in (6.30), but now with g{p) instead of g^. Note 

that A is the dynamical scale of the gauge theory with dimension 1, which has nothing 
to do with the cut-oh Ao. 

Eq. (6.29) can be brought into the form of [45] if we use the coordinates «Sj, as 
dehned in (5.92) and such that Si = ( for alH = 1,... n. We get 


^eff = 


d 


n—1 


n—1 




i=l 


(6.33) 


i=l 


j=i 


In order to compare to [45] we have to identify with log S'* , 

where JFq is the perturbative part of the free energy of the matrix model. Indeed, it 
was argued in [45] that the Si log Si terms come from the measure and are contained 
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djr'^P 

in the non-perturbative part . In fact, the presence of these terms in can 
easily be proven by monodromy arguments [27]. Alternatively, the presence of the 
Aj log Aj-terms in jFg can be proven by computing JFq exactly in the planar limit. We 
will discuss some explicit examples below. 

We could have chosen jd to run from a point Aq = |Ao|e*®/^ on the lower sheet to a 
point Aq = |Ao|e*®/^ on the upper sheet. Then one would have obtained an additional 
term —it6, on the right-hand side of (6.20), which would have led to 

e^e + Ne ( 6 . 34 ) 


in (6.33). 

Note that (6.33) has dramatic consequences. In particular, after inserting jFg = 
JFq -|- we see that the effective superpotential, which upon extremisation gives a 
non-perturbative quantity in the gauge theory can be calculated from a perturbative 
expansion in a corresponding matrix model. To be more precise, IFq can be calculated 
by expanding the matrix model around a vacuum in which the hlling fractions u* are 
hxed in such a way that the pattern of the gauge group nr=i^(-^*) reproduced. 
This means that whenever W = 0 we choose u* = 0 and whenever W 7 ^ 0 we have 
u* 7 ^ 0. Otherwise the u* can be chosen arbitrarily (and are in particular independent 
of the Aj.) JFg is then given by the sum of all planar vacuum amplitudes. 

As was shown in [45] this can be generalised to more complicated A/" = 1 theories 
with different gauge groups and held contents. 

6.2 Example: Superstrings on the conifold 

Next we want to illustrate our general discussion by looking at the simplest example, 

2 

i.e. n = 1 and W = y- This means we study type IIB string theory on the resolved 
conifold. Wrapping N D5-branes around the single CP^ generates J\f = 1 Super- 
Yang-Mills theory with gauge group U{N) in four dimensions. The corresponding 
low energy effective superpotential is well-known to be the Veneziano-Yankielowicz 
superpotential. As a hrst test of the claim of Cachazo-Intriligator Vafa we want to 
reproduce this superpotential. 

According to our recipe we have to take the space through a geometric transition 
and evaluate Eq. (6.27) on the deformed space. From our discussion in section 4.2 we 
know that this is given by the deformed conifold, 

x'^ + v'^ + w'^ + z'^ — = 0 , (6.35) 

where we took f{x) = —/i = —4f, /i G M’*'. The integrals of ( on the corresponding 
Riemann surface have already been calculated in (5.109) and (5.110). Obviously one 
has C = —2t^ + d (^), which would correspond to ip = y- Comparing with (6.17) 
this would yield c = t. The choice c = 0 instead leads to (p = ^ and C = 
—2t^ + 4t^^ -|- dtp. The hrst term has a pole at inhnity and leads to the logarithmic 
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divergence, while the second term has no pole at infinity but second order poles at 
±2v^. One has 


2v^(Ao) 



-4t + 2t 




(6.36) 


and 


1 

2 



tlog ( ^ ] - 2tlog ( 1 + W1 - ^ I - t 

\K) V V 

^-(logAS + o(i) , (6.37) 


where we used (5.110) and the explicit form of fFQ{t), (5.107). Finally, in the present 
case, Eq. (6.27) for the superpotential only contains the relative cycles. 


'U// = -j(Ac) + f j(c (6.38) 

or 

IFe//= —^ (ilogt — t — tlogAp) + 27rzfot + o . (6.39) 

For U (iV) super Yang-Mills theory the /5-function reads (3{g) = —^2 9^ and one has to 
use the identification Aq = Aq between the geometric cut-off Aq and the gauge theory 
cut-off Aq. Then YlogAg -|- 27riro = 3Ylog|A| + iQ = 3YlogA. Therefore, sending 
the cut-off Aq to infinity, and using S = t, we indeed find the Veneziano-Yankielowicz 
superpotential, 

fFe;; = ^log(^_j+^Y. (6.40) 


6.3 Example: Superstrings on local Calabi-Yau man¬ 
ifolds 

After having studied superstrings on the conifold we now want to extend these con¬ 
siderations to the more complicated local Calabi-Yau spaces Xres- In other words, we 
want to study the low energy effective superpotential of an A/” = 1 f/ {N) gauge theory 
coupled to a chiral superfield $ in the adjoint, with tree-level superpotential hF($). 
The general structure of this gauge theory has been analysed using field theory meth¬ 
ods in [27], see also [28], [29]. There the authors made use of the fact that the gauge 
theory can be understood as an A7 = 2 theory which has been broken to A/” = 1 by 
switching on the tree-level superpotential. Therefore, one can apply the exact results 
of Seiberg and Witten [122] on A/” = 2 theories to extract some information about the 
A/” = 1 theory. In particular, the form of the low energy effective superpotential W^ff 
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can be deduced [27]. Furthermore, by studying the monodromy properties of the ge¬ 
ometric integrals, the general structure of the Gukov-Vafa-Witten superpotential was 
determined, and the structures of the two superpotentials were found to agree, which 
provides strong evidence for the conjecture (6.8). For the case of the cubic superpoten¬ 
tial the geometric integrals were evaluated approximately, and the result agreed with 
the held theory calculations. 

Unfortunately, even for the simplest case of a cubic superpotential the calculations 
are in general quite involved. Therefore, we are going to consider a rather special case 
in this section. We choose n = 2, i.e. the tree-level superpotential W is cubic, and we 
have 2 CP^s in Xj-es-, corresponding to the small resolution of the two singularities in 
W'{xY+v‘^+w'^+z^ = 0. In order for many of the calculations to be feasible, we choose 
the specihc vacuum in which the gauge group remains unbroken. In other words, we 
wrap all the N physical D-branes around one of the two CP^s, e.g. W = 0 and N 2 = N. 
Therefore, strings can end on only one CP^. We saw already that the pattern of the 
breaking of the gauge group is mirrored in the Filing fractions v* of the matrix model. 
In our case we must have z/J" = 0 and from Jp Vt = Si = tu* we learn 

that the corresponding deformed geometry Xdef contains a cycle Fy^i of vanishing size, 
together with the hnite Ta' 2 - This situation is captured by a hyperelliptic Riemann 
surface, where the two complex planes are connected by one cut and one point, see Fig. 
6.1 The situation in which one cut collapsed to zero size is described mathematically by 




Figure 6.1: The Riemann surface for a cubic tree level potential, and /o such that one 
of the two cuts collapses to a point. 

a double zero of the polynomial dehning the Riemann surface. Therefore, the vacuum 
with unbroken gauge group leads to the surface 

y^ = g'^{x — aY{x — b){x + b) = ^gx‘^ — agx—^^'^ + ab'^g'^x — a^b'^g'^. (6.41) 

®This can also be understood by looking at the topological string. As we will see in the next 
chapter, the B-type topological string with N topological branes wrapping the two CP^s calculates 
terms in the four-dimensional effective action of the superstring theory. If there are no D5-branes 
wrapping CP^ the related topological strings will also not be allowed to end on this CP^, i.e. there 
are no topological branes wrapping it. This amounts to iVi = 0 and N2 = N. In the next chapter we 
will see that the number of topological branes and the filling fractions are related as z/* = Ni/N. 
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Without loss of generality we took the cut to be symmetric around zero. We want 
both the cut and the double zero to he on the real axis, i.e. we take g real and positive 
and a, 6 G M. From (6.41) we can read off the superpotential, 


W{x) 





(6.42) 


where we chose hF(0) = 0. Note that, in contrast to most of the discussion in chapter 
5, the leading coefficient of hF is | and not i, because we want to keep track of the 
coupling g. This implies (c.f. Eq. (5.51)) that the leading coefficient of /o is —4:tg, and 
therefore 


t = 


ab'^9 

4 


(6.43) 


Since t is taken to be real and positive, a must be negative. Furthermore, we dehne the 
positive m := —ag. Then W{x) = ~ Note that we have in this special 

setup ^ = 0 and ^2 = ^ J^C = ^ y{x)dx = t. 

Using (5.47) and (5.52) our curve (6.41) leads to the spectral density 


Po{x) = — a)Vb‘^ — x'^ for x G [—b, b] (6.44) 

ZTlt 

and zero otherwise. The simplest way to calculate the planar free energy is by making 
use of the homogeneity relation (5.86). We find 


Mt) = 


t dlFoit) t 
2~~dt 2 

- lim ^ ^ 

2 Aq—^■ oo 




j ds po(s)hF(s) 
c - hF(Ao) TtlogAg 


ds po('S)hF(s) . (6.45) 


^-b 


Here we used that the cut between —b and b lies on the real axis, where we can take 
A(s) = s. In the second line we made use of (5.85). The integrals can be evaluated 
without much effort, and the result is 

Jo(t) = ^log—- +. (6.46) 

2 m 4 3 m-^ 

This result is very interesting, since it contains the planar free energy of the conifold 
(5.107), which captures the non-perturbative contributions, together with a perturba¬ 
tive term \-^g'^- Note that this is precisely the term calculated from matrix model 
perturbation theory in Eq. (5.23). (Recall that in our special case JFo(f) = —Fo(^), c.f. 
Eq. (5.62), which accounts for the minus sign.) On the other hand, it seems rather 
puzzling that there are no o( 5 f^)-terms in the free energy. In particular, (5.23) contains 
a term — coming from fatgraph diagrams containing four vertices. However, 

there we had a slightly different potential, namely W{x) = i.e. there 

was no linear term. In our case this linear term is present, leading to tadpoles in the 
Feynman diagrams. Each tadpole comes with a factor Then, next to the planar 
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Figure 6.2: The linear term in W leads to tadpoles in the Feynman diagrams, each 
tadpole coming with which contains a factor of g. At order g'^ only two diagrams 
contribute. 


diagrams of Fig. 5.4, there are two more diagrams that contribute to Fq at order g^, 
see Fig. 6.2. However, their contribution cancels, because of different symmetry fac¬ 
tors. This is why, in the presence of tadpoles, we still reproduce the result of (5.22) 
at order g^. Furthermore, the explicit expression for Fo{t) tells us that starting from 
order g^ (as in the case without tadpoles there are no diagrams that lead to an odd 
power of g) the contributions coming from tadpole diagrams cancel the contributions 
of the diagrams without tadpoles. 

It is quite interesting to look at this from a slightly different perspective. We again 
start from the potential W(x) = and perform the shift x = y + a := 


y 


23 


1 + ^-1 


Then we have W{x) = W{y) with 


W(!/) = |!/’ + + W„ , 


(6.47) 


where A := and Wq = (—| -|- |A^ — A^). The shift of x was chosen : 

such a way that W{y) does not contain a term linear in y. 

Next consider what happens at the level of the partition function. We have 


= exp I-^ log A ) / DM exp ( — — tr ) )(6.48) 


tWo 


This shows that partition functions with different coefficients in the dehning polynomial 
potential are related as 


7 -A 

Z [g,m, - ] = e Us 

m J 


In terms of the planar free energy this is 


'z(r?A-3/2,m,0) 


(6.49) 


J'o(fi'A ^/^m,0) = ^ -FtIFo(5 f,m,t)-h ^logA(5f,m,t) 

\ m J 2 


= -^0 g,m, - +t 

m 


2tg\ ,/-1 + 3A2-2A3 1, 


3(A2 - 1) 












6.3 Example: Superstrings on local Calabi-Yau manifolds 
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The first term on the right-hand side of this equation is the one we calculated in (6.46). 
Therefore, 


J^o(gA 0 ) = 


— log-H-(A^ - 1 ) — 

2 4 12^ ^ 3 

, t 83 


1 - 3A2 + 2A3 3 , ^ 

l-A^ 


= i^iog---c + rs 

2 m 4 


(6.51) 


Note that this expression is exact, and it contains both the perturbative and the non- 
perturbative part of jFg for a potential that only contains a cubic and a quadratic term. 
In other words, expanding this expression in terms of := g‘^A~^ we reproduce the 
contributions of all the planar fatgraph Feynman diagrams. This can be done by using 
A^ = 1 -|- to express A in terms of g"^. The result is 


J='o{g,m,0) 


12 m 4 dm'* 3 \m'^J 3 J 3 ym-^J 

9152 ftg^V ] 

+ A 


11„, 1 -1+1 v iflA jwilI 

2 4 2^(fc + 2)!r(A;/2 + l)J 


(6.52) 


This is precisely the expression found in [25]. 


Coming now back to our original form of the potential W(x) = — ^x, it 

remains to write down the effective superpotential. For that purpose we write S := t. 
From (6.46) we hnd 


= S' log S' — S' log m — S' -F 2-^S'^ . (6.53) 

ob m-^ 

As promised below (6.33), this contains a term S'log S'. Plugging this into (6.33) gives 

W,„{S) = NS + Slog (^]^j - . (6.54) 

Note that we also have a term S'log m in the derivative of jAg- This is interesting for 
various reasons. Firstly, so far we did not keep the dimensions of the various helds 
in our theory. The argument of the logarithm in our hnal result should, however, 
be dimensionless and since m and A have dimension one, and S has dimension three 
this is indeed the case. Furthermore, one can use the threshold matching condition 
[27] A|^ = in order to relate our result to the dynamical scale A^ of the low- 

energy pure M = 1 super Yang-Mills theory with gauge group U (A). Similar threshold 
matching conditions also hold for the more general case, see [27] for a discussion. 









Chapter 7 


B-Type Topological Strings and 
Matrix Models 


In the last chapters we learned how the holomorphic matrix model can be used to 
calculate the integrals of the holomorphic (3, 0)-form over three-cycles in X^ef. These 
integrals in turn are the central building blocks of the effective superpotential of our 
U (TV) gauge theory. The starting point of the argument was the fact that the Riemann 
surface (4.76), that appears when calculating the integrals, and the one of (5.53), that 
arises in the ’t Hooft limit of the matrix model, are actually the same. However, so 
far we have not explained the reason why these two surfaces agree. What motivated 
us to study the holomorphic matrix model in the hrst place? In this hnal chapter we 
want to hll this gap and show that the holomorphic matrix model is actually nothing 
but the string held theory of the open B-type topological string on Xres- We will not 
be able to present a self-contained discussion of this fact, since many of the theories 
involved are quite complicated and it would take us too far to explain them in detail. 
The goal of this chapter is rather to familiarise the reader with the central ideas and 
the main line of argument, without spelling out the mathematics. 

Some elementary background material on topological strings is given in appendix 
D, see [133] and [81] for more details. A recent review of string held theory appeared 
in [119]. Central for the discussion are the results of the classic article [148], and the 
holomorphic matrix model hrst occurred in [43]. A recent review of the entire setup 
can be found in [104]. 

The open B-type topological string and its string field theory 

It has been known for a long time that in the case of Calabi-Yau compactihcations of 
type II string theory certain terms of the four-dimensional ehective action can be cal¬ 
culated by studying topological string theory on the Calabi-Yau manifold [20]. To be 
specihc, consider the case of type IIB string theory on a compact Calabi-Yau manifold 
X. Then there are terms in the four-dimensional ehective action, which (when formu¬ 
lated in Af = 2 superspace language) have the form J d^xd^0 Fg(JV^)(W^)®, where X^ 
are the Af = 2 vector multiplets and := is built from the chiral Af = 2 

Weyl multiplet Way, which contains the graviphoton. The function Fjj now turns out 
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[20] to be nothing but the free energy of the B-type topological string with target 
space X at genus g. For example, it is well known that the prepotential governing the 
structure of vector multiplets in an A/” = 2 supersymmetric theory is nothing but the 
genus zero free energy of the topological string on the Calabi-Yau manifold. 

Our setup is slightly more complicated, since we are interested in type IIB theory on 
M 4 X Xres, with additional D-branes wrapping the resolved two-cycles. The D-branes 
lead to an open string sector, and therefore we expect that we have to study the open 
B-type topological string on X^es- In other words, we allow for Riemann surfaces 
with boundaries as the world-sheet of the topological string. It can be shown that 
in the B-type topological string, when mapping the world-sheet into the target space, 
the boundaries have to be mapped to holomorphic cycles in the target space. The 
appropriate boundary conditions are then Dirichlet along these holomorphic cycles 
and Neumann in the remaining directions. These boundary conditions amount to 
introducing “topological branes”, which wrap the cycles. See [148], [103], [104] for 
a discussion of open topological strings and more references. Since the various CP^s 
in Xres around which the physical D-branes are wrapped are all holomorphic (a fact 
that we have not proven) we expect that the relevant topological theory is the open 
B-type topological string with topological branes around the various CP^s. An obvious 
question to ask is then whether this topological theory calculates terms in the four¬ 
dimensional theory. 

As to answer this question we have to take a little detour, and note that the open 
B-type topological string can actually be described [148] in terms of a cubic string 
held theory, hrst introduced in [143]. Usually in string theory the S-matrix is given 
in terms of a sum over two-dimensional world-sheets embedded in space-time. The 
corresponding string held theory, on the other hand, is a theory which reproduces this 
S-matrix from the Feynman rules of a space-time action S'[T]. T, called the string 
held, is the fundamental dynamical variable, and it contains inhnitely many space- 
time helds, namely one for each basis state of the standard string Fock space. Writing 
down the string held theory of a given string theory is a difficult task, and not very 
much is known about the string held theories of superstrings. However, one does know 
the string held theory for the open bosonic string [143]. Its action reads 

S = — J tr ^ 2 ^ * Qbrst"^ + glh X T X , (7.1) 

where Qs is the string coupling. The trace comes from the fact that, once we add 
Chan-Paton factors, the string held is promoted to a U{N) matrix of string helds. We 
will not need the detailed structure of this action, so we just mention that x is some 
associative product on the space of string helds and / is a linear map from the space 
of string helds to C.^ 

^To be more precise, in open string field theory one considers the world-sheet of the string to be an 
infinite strip parameterised by a spacial coordinate 0 < cr < tt and a time coordinate —00 < r < 00 
with fiat metric ds^ = dcr^ -I- dr^. One then considers maps x : [0,7r] —> X into the target space X. 
The string field is a functional '1>[x(ct), ...], where ... stands for the ghost fields c, c in the case of the 
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The structure of the topological string (see appendix D for some of its properties) 
is very similar to the bosonic string. In particular there exists a generator Qb with 
Q% = 0, the role of the ghost fields is played by some of the particles present in 
the super multiplets, and the ghost number is replaced by the R-charge. So it seems 
plausible that an action similar to (7.1) should be the relevant string field theory for 
the B-type topological string. However, in the case of the open bosonic string the 
endpoints of the strings are free to move in the entire target space. This situation can 
be generated in the topological string by introducing topological branes which fill the 
target space completely. This is reasonable since any Calabi-Yau X is a holomorphic 
submanifold of itself, so the space filling topological branes do wrap holomorphic cycles. 
This completes the analogy with the bosonic string, and it was indeed shown in [148] 
that the string field theory action for the open B-type topological string with space 
filling topological branes is given by (7.1) with Qb instead of Qbrst- 

In the same article Witten showed that this action does actually simplify enor¬ 
mously. In fact, the string functional is a function of the zero mode of the string, 
corresponding to the position of the string midpoint, and of oscillator modes. If we 
decouple all the oscillators the string functional becomes an ordinary function of (tar¬ 
get) space-time, the T*r-product becomes the usual product of functions and the integral 
becomes the usual integral on target space. In [148] it was shown that this decoupling 
does indeed take place in the open B-type topological string. This comes from the fact 
that in the B-model the classical limit is exact (because the Lagrangian is independent 
of the coupling constant t and therefore one can take t —>■ oo, which is the classical 
limit, c.f. the discussion in appendix D). We will not discuss the details of this decou¬ 
pling but only state the result: the string field theory of the open topological B-model 
on a Calabi-Yau manifold X with N space-time filling topological branes is given by 
holomorphic Chern-Simons theory on X, with the action 

S = ^ [ HAtr(HAM-F^HAHAH] , (7.4) 

^9s Jx \ 3 / 

where A is the (0, l)-part of a U{N) gauge connection on the target manifold X. 


bosonic string and for rj, 0 (c.f. appendix D) in the B-topological string. In [143] Witten defined two 
operations on the space of functionals, namely integration, as well as an associative, non-commutative 
star product 


/ 




/ 


vhi *... ★d'p 



(7.2) 

(7.3) 


where Xp+i = xi. The integration can be understood as folding the string around its midpoint 
and gluing the two halves, whereas the star product glues two strings by folding them around their 
midpoints and gluing the second half of one with the first half of the following. See [117], [148], [104], 
[119] for more details and references. 
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Holomorphic matrix models from holomorphic Chern-Simons theory 

The holomorphic Chern-Simons action (7.4) is the string field theory in the case where 
we have N space-time filling topological branes. However, we are interested in the 
situation, where the branes only wrap holomorphic two-cycles in Xres- Here we will 
see that in this specific situation the action (7.4) simplifies further. 

Before we attack the problem of the open B-type topological string on X^es let 
us first study the slightly simpler target space 0 {— 2 ) 0 0 ( 0 ) — > CP^ (c.f. definition 
4.8) with N topological branes wrapped around the CP^. The corresponding string 
field theory action can be obtained from a dimensional reduction [87], [43], [104], of 
the action (7.4) on 0 {— 2 ) © (9(0) —> CP^ down to CP^. Clearly, the original gauge 
connection A leads to a (0,1) gauge field a on CP^, together with two fields in the 
adjoint, $o and which are sections of (9(0) and (9(—2) respectively. In other words 
we take z,z to be coordinates on the CP^, y,y are coordinates on the fibre (9(—2) 
and X, X are coordinates on (9(0), and write A{x, x, y, y, z, z) = a{z, z) + ^\{z, ^)d|/ 0 
^o{z, z)dx, where a := a^dz. Of course $o and are in the adjoint representation. 
The index y in reminds us of the fact that transform if we go from one patch of 
the CP^ to another, whereas $o does not. In fact we can build a (1, 0)-form $i := ^\dz. 
Plugging this form of A into (7.4) gives 

S= — f Q^yAx,y,z)dx Ady Adx Ady A ti [^iDa^o) , (7.5) 

9s Jx 

where Da '■= B + [a, •] and B := Bzdz. We integrate this over the two line bundles to 
obtain 

S = -[ /(^)tr . (7.6) 

9s Jcpi 

But tr (<I)iT>a<l>o) is a (l,l)-form on CP^ that does not transform if we change the coor¬ 
dinate system. From the invariance of S we deduce that f{z) must be a (holomorphic) 
function. Since holomorphic functions on CP^ are constants we have [43] 

S=- [ tr (<FiD,$o) . (7.7) 

9s Jpi 

Here we suppressed a constant multiplying the right-hand side. 

We are interested in the more general situation in which the target space is X^es, 
which can be understood as a deformation of (9(—2) © (9(0) —> CP^ by IT, see the 
discussion in section 4.2.2. In particular, we want to study the case in which W 
topological branes wrap the i-th CP^. The string field theory action describing the 
dynamics of the branes in this situation reads [87], [43], [104] 

S = - [ tr (<I>i.D,<Fo + lT(4>o)o;) , (7.8) 

9s Jpi 

where uj is the Kahler class on CP^ with fpi cj = 1. We will not prove that this is 
indeed the correct action, but we can at least check whether the equations of motion 
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lead to the geometric picture of branes wrapping the n CP^s. As to do so note that 
the field d is just a Lagrange multiplier and it enforces 

[$o,<^>i] = 0, (7.9) 

i.e. we can diagonalise $0 and $1 simultaneously. Varying with respect to $1 gives 

= 0 , (7.10) 

which implies that $0 is constant, as P^ is compact. Finally, the equation for $0 reads 

= W'{^o)uj . (7.11) 

Integrating both sides over CP^ gives 

fV'(<ho)=0, (7.12) 

for non-singular $ 1 . Plugging this back into (7.11) gives c)<hi = 0. But there are no 
holomorphic one forms on CP^, implying $1 = 0. All this tells us that classical vacua 
are described by $1 = 0 and a diagonal where the entries on the diagonal are 
constants, located at the critical points of W. But of course, from our discussion of 
Xres we know that these critical points describe the positions of the various CP^s in 
Xres- Since the eigenvalues of $0 describe the position of the topological branes we are 
indeed led to our picture of Ni topological branes wrapping the Ath CP^. 

After having seen that the classical configurations of our string field theory action 
do indeed reproduce our geometric setup we now turn back to the action itself. We 
note that both d and $1 appear linearly in (7.8), and hence they can be integrated 
out. As we have seen, this results in the constraint = 0, which means that $0 is 
a constant N x N matrix^ 

<ho( 2 ;) = <F = const . (7.13) 

Now we can plug this solution of the equations of motion back into the action, which 
then reduces to 

= — triy(<h). (7.14) 

9s 

But since <|) is a constant N x N matrix we find that the string field theory partition 
function is nothing but a holomorphic matrix model with potential W{x). An alter¬ 
native derivation of this fact has been given in [104]. It is quite important to note 

that the number of topological branes N is unrelated to the number N of physical 

D-branes. Indeed, N is the size of the matrices in the matrix model and we have seen 
that interesting information about the physical U{N) gauge theory can be obtained by 
taking N to inhnity. This now completes the logic of our reasoning and finally tells us 
why the holomorphic matrix model can be used in order to extract information about 
our model. 



103 


Open-closed duality 

Let us now analyse what the above discussion implies for the relations between the 
various free energies involved in our setup. Like any gauge theory, the free energy of the 
matrix model can be expanded in terms of fatgraphs, as discussed in the introduction 
and in section 5.1.2. Such an expansion leads to quantities from fatgraphs with 

h index loops on a Riemann surface of genus g, where the superscript p denotes the 
perturbative part. The statement that the holomorphic matrix model is the string held 
theory of the open B-type topological string on Xj-es means that the matrix model free 
energy coincides with the free energy of the open B-type topological string. To be more 
precise, we consider the open B-type topological string on X^es with iVj topological 
branes wrapped around the i-th CP^ with coupling constant ps- When mapping a 
Riemann surface with boundaries into the target space we know that the boundaries 
have to be mapped onto the holomorphic cycles. We denote the free energy for the case 
in which hi boundaries are mapped to the i-th cycle by In the corresponding 

matrix model with coupling constant Qs-, on the other hand, one also has to choose a 
vacuum around which one expands to calculate the free energy. But from our analysis 
it is obvious that the corresponding vacuum of the matrix model is the one in which 
the hlling fraction v* is given by the number of topological branes as 


tu* = NiPs = Si . 


(7.15) 


On can now expand the matrix model around this particular vacuum (see e.g. [93], 
[104] for explicit examples) and from this expansion one can read off the quantities 
hn- statement that the matrix model is the string held theory of the open 
B-topological string implies then that 




■mm,p 

g,hi,—hr 


= T'. 


■oB^p 


g,hi,...hn 


(7.16) 


Let us dehne the quantities 


^mTn,p 

^9 


(S,) := 


E ■ ■ ■ E =: rf ■”(§,) . (7,17) 

hl = l hn = l 


Next we look back at Eqs. (5.101) and (5.102). These are the standard special geometry 
relations on X^ef, with as prepotential. On the other hand, the prepotential is 
known [81] to be the free energy of the closed B-type topological string at genus zero: 
jrmm^gi) _ fjpjg Dijkgraaf and Vafa to the conjecture [43] that this 

equality remains true for all g, so that 

r'^^{Si)=X^{Si) , (7.18) 


where the left-hand side is the matrix model free energy with coupling constant gs-, 
and the right-hand side denotes the free energy of the closed B-type topological string 
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on Xdef with coupling constant gs- On the left-hand side Si = gsNi, whereas on the 
right-hand side Si = -^ O. 

Note that this implies that we have an open-closed duality 

X^iSi) = xp^is,) = Xf{S,) . (7.19) 

In other words, we have found a closed string theory which calculates the free energy 
of the gauge theory, and thus we have found an example in which the old idea of’t 
Hooft [80] has become true. 

The effective superpotential revisited 

Let us hnally conclude this chapter with some remarks on the effective superpotential. 

So far our general philosophy has been as follows: we geometrically engineered a 
certain gauge theory from an open string theory on some manifold, took the manifold 
through a geometric transition, studied closed string theory with flux on the new 
manifold and found that the four-dimensional effective action generated from this string 
theory is nothing but the low energy effective action of the geometrically engineered 
gauge theory. 

One might now ask whether it is also possible to hnd the low energy effective 
superpotential Wejf before going through the geometric transition from the open string 
setup. It was shown in [20], [130] that this is indeed possible, and that the low energy 
effective superpotential is schematically given by 

OO 

Weff ~ , (7.20) 

h=l 

where we introduced only one chiral superheld S and N D-branes (i.e. the gauge 
group is unbroken). To derive this formula one uses arguments that are similar to 
those leading to the jFg(yV’^)®-term in the case of the closed topological string [20]. 
Introducing the formal sum 


(7.21) 

h=l 

this can be written as 

lU// ~ + aS . (7.22) 

If we now use the open-closed duality (7.19) this has precisely the form of (6.33). So, 
in principle, one can calculate the effective superpotential from the open topological 
string. However, there one has to calculate all the terms and sum them over h. 
In practice this task is not feasible explicitly. The geometric transition is so useful, 
because it does this summation for ns by mapping the sum to the quantity T? in 
closed string theory, which is much more accessible. 




Chapter 8 
Conclusions 


Although we have covered only a small part of a vast net of interdependent theories, 
the picture we have drawn is amazingly rich and beautiful. We saw that string theory 
can be used to calculate the low energy effective superpotential, and hence the vacuum 
structure, of four-dimensional M = 1 supersymmetric gauge theories. This effective su¬ 
perpotential can be obtained from geometric integrals on a suitably chosen Calabi-Yau 
manifold, which reduce to integrals on a hyperelliptic Riemann surface. This Riemann 
surface also appears in the planar limit of a holomorphic matrix model, and the inte¬ 
grals can therefore be related to the matrix model free energy. The free energy consists 
of a perturbative and a non-perturbative part, and the perturbative contributions can 
be easily evaluated using matrix model Feynman diagrams. Therefore, after adding 
the non-perturbative S'log S' term, the effective superpotential can be obtained using 
matrix model perturbation theory. This is quite surprising, since vacuum expectation 
values like {S)^ = h? in super Yang-Mills theory are non-perturbative in the gauge 
coupling. In other words, non-perturbative gauge theory quantities can be calculated 
from a perturbative expansion in a matrix model. 

Our analysis has been rather “down to earth”, in the sense that we had an explicit 
manifold, Xdej, on which we had to calculate very specific integrals. After having ob¬ 
tained a detailed understanding of the matrix model it was not too difficult to relate 
our integrals to the matrix model free energy. Plugging the resulting expressions into 
the Gukov-Vafa-Witten formula expresses the superpotential in terms of matrix model 
quantities. However, this technical approach does not lead to a physical understanding 
of why all these theories are related, and why the Gukov-Vafa-Witten formula gives 
the correct superpotential. As we tried to explain in chapter 7, the deeper reason 
for these relations can be understood from properties of the topological string. It is 
well known that both the open and the closed topological string calculate terms in 
the four-dimensional effective action of Calabi-Yau compactifications. In particular, 
the low energy effective superpotential H4// can be calculated by summing infinitely 
many quantities JAgf of the open topological string on X^es- Quite interestingly, there 
exists a dual closed topological string theory on Xdef, in which this sum is captured 
by jF(f, which can be calculated from geometric integrals. The relation between the 
target spaces of the open and the dual closed topological string is amazingly simple 
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and given by a geometric transition. In a sense, this duality explains why the Gukov- 
Vafa-Witten formula is valid. The appearance of the holomorphic matrix model can 
also be understood from an analysis of the topological string, since it is nothing but 
the string held theory of the open topological string on X^es- Interestingly, the matrix 
model also encodes the deformed geometry, which appears once we take the large N 
limit. 


These relations have been worked out in the articles [130], [27], [43], [44] and [45]. 
However, in these papers some hne points have not been discussed. In particular, the 
interpretation and cut-off dependence of the righthand side of 



( 8 . 1 ) 


was not entirely clear. Over the last chapters and in [P5] we improved this situation by 
choosing a symplectic basis {r„i, T^., r^, T^} of the set of compact and non-compact 
three-cycles in X^ef, given by W\xY + fo{x) + w‘^ + = Q. These map to a basis 

{a*,/9j, d,/?} of the set of relative one-cycles i7i(S, {Q, Q'}) on the Riemann surface 
S, given by = W\x)'^ + fo{x), with two marked points Q, Q'. Then we showed that 
the precise form of the special geometry relations on reads 
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2mSi , 

2Tri ^ 
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dXo{t, S) 

2m 

A 

dt 




-|- IT (Aq) - t log Ag -|- o 



( 8 . 2 ) 

(8.3) 

(8.4) 

(8.5) 


where JTo(A is the Legendre transform of the free energy of the matrix model with 
potential IT, coupled to sources. In the last relation the integral is understood to be 
over the regulated cycle T^ which is an S'^-fibration over a line segment running from 
the n-th cut to the cut-off Ag. Clearly, once the cut-off is removed, the last integral 
diverges. These relations show that the choice of basis {T^*, T^., T^, T^}, although 
equivalent to any other choice, is particularly useful. The integrals over the compact 
cycles lead to the familiar rigid special geometry relations, whereas the new features, 
related to the non-compactness of the manifold, only show up in the remaining two 
integrals. We further improved these formulae by noting that one can get rid of the 
polynomial divergence by introducing [P5] a paring on X^e] dehned as 


(r^,!j) := f (fi - d*) = (-M) fiC- d^) , 




( 8 . 6 ) 







107 


where 

^__W{x)W\x)-^^x^ d^Adw; 
W'{xy + fo{x) ■ 2z 


(8.7) 


is such that Jp d$ = —m J^dcp, with ip as in (6.17). This pairing is very similar 

in structure to the one appearing in the context of relative (co-) homology and we 
proposed that one should use this pairing so that Eq. (8.5) is replaced by 


1 

27ri 




dMt,S) 

dt 


- t log Ag + O 



( 8 . 8 ) 


At any rate, whether one uses this pairing or not, the integral over the non-compact 
cycle is not just given by the derivative of the prepotential with respect to t, as is 
often claimed in the literature. 

Using this pairing the modihed Gukov-Vafa-Witten formula for the effective super¬ 
potential is proposed to read 



We emphasize that, although the commonly used formula We// ~ / G 3 A 12 is very 
elegant, it should rather be considered as a mnemonic for (8.9) because the Riemann 
bilinear relations do not necessarily hold on non-compact Calabi-Yau manifolds. Note 
that although the introduction of the pairing did not render the integrals of 12 and G 3 
over the T^-cycle finite, since they are still logarithmically divergent, these divergences 
cancel in (8.9) and the effective superpotential is well-defined. 

The detailed analysis of the holomorphic matrix model also led to some new results. 
In particular, we saw that, in order to calculate the matrix model free energy from a 
saddle point expansion, the contour 7 has to be chosen in such a way that it passes 
through (or at least close to) all critical points of the matrix model potential W, and 
the tangent vectors of 7 at the critical points are such that the critical points are 
local minima along 7. This specihc form of 7 is dictated by the requirement that the 
planar limit spectral density po(s) has to be real, po is given by the discontinuity 
of yo = W'{x) — 2tujQ, which is one of the branches of the Riemann surface y‘^ = 
W'{x)^ -|- fo{x). The reality of po therefore puts constraints on the coefficients in /o 
and hence on the form of the cuts in the Riemann surface. Since the curve 7 has 
to go through all the cuts of the surface, the reality of po constrains the form of the 
contour. This guarantees that one expands around a conhguration for which the first 
derivatives of the effective action indeed vanish. To ensure that saddle points are really 
stable we were led to choose 7 to consist of n pieces where each piece contains one cut 
and runs from inhnity in one convergence domain to inhnity of another domain. Then 
the “one-loop” term is a convergent, subleading Gaussian integral. 








Part II 

M-theory Compactifications, 
G' 2 -Manifolds and Anomalies 
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Chapter 9 
Introduction 


In the middle of the nineteen nineties it became clear that the hve consistent ten¬ 
dimensional string theories, Type IIA, Type IIB, Type I, S'O(32)-heterotic and Eg x Eg- 
heterotic, are not independent, but are related by duality transformations. Further¬ 
more, a relation of these string theories to eleven-dimensional supergravity was found, 
and this web of interrelated theories was dubbed M-theory [129], [149]. One of the 
intriguing new features of M-theory is the appearance of an additional, eleventh di¬ 
mension, which implies that the old constructions of string compactihcations [31] had 
to be generalised. In fact, one is immediately led to the question on which manifolds 
one has to compactify eleven-dimensional supergravity, in order to obtain a physically 
interesting four-dimensional M = 1 effective held theory. It turns out that the mecha¬ 
nism of these compactihcations is quite similar to the one of Calabi-Yau compactihca¬ 
tions, and the compact seven-dimensional manifold has to be a so-called G 2 -manifold. 
The Kaluza-Klein reduction of eleven-dimensional supergravity on these manifolds was 
hrst derived in [115]. However, one hnds that four-dimensional standard model like 
theories, containing non-Abelian gauge groups and charged chiral fermions, can only 
be obtained from G 2 -compactihcations if we allow the seven-manifold to be singular 
(see for example [6] for a review). To be more precise, if the G 2 -manifold carries con¬ 
ical singularities, four-dimensional charged chiral fermions occur which are localised 
at these singularities. Non-Abelian gauge groups arise from ADE-singularities on the 
G 2 -manifold. Clearly, once a theory with charged chiral fermions is constructed, one 
has to check whether it is also free of anomalies. Two diherent notions of anomaly 
cancellation occur in this context. Global anomaly cancellation basically is the require¬ 
ment that the four-dimensional theory is anomaly free after summation of the anomaly 
contributions from all the singularities of the internal manifold. Local anomaly cancel¬ 
lation on the other hand imposes the stronger condition that the contributions to the 
anomalies associated with each singularity have to cancel separately. We will study 
these issues in more detail below. What we hnd is that, in the case of singular G 2 - 
compactihcations, the anomalies present at a given singularity are cancelled locally by 
a contribution which “flows” into the singularity from the bulk, provided one modihes 
the helds close to the singularity [152], [P2]. 

Compactihcations on G 2 -manifolds lead to four-dimensional Minkowski space, since 
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the metric on a G 2 -manifold is Ricci-flat. There are also other solutions of the equations 
of motion of eleven-dimensional supergravity. One of them is the direct product of AdS 4 
with a seven-dimensional compact Einstein space with positive curvature. Since the 
metric on the seven-manifold is Einstein rather than Ricci-flat, these manifolds cannot 
be G 2 -manifolds. However, a generalisation of the concept of G 2 -manifolds to the case 
of Einstein manifolds exists. These manifolds are known to be weak G 2 -manifolds. 
Quite interestingly, we were able to write down for the first time a family of explicit 
metrics for such weak G 2 -manifolds that are compact and have two conical singularities 
[PI]. Although these manifolds have weak G 2 rather than G 2 metrics, they are quite 
similar to G 2 -manifolds, and hence provide a framework in which many of the features 
of compact, singular G 2 -manifolds can be studied explicitly. 

Another context in which the cancellation of anomalies plays a crucial role is the 
M5-brane. It carries chiral fields on its six-dimensional world-volume and this held the¬ 
ory on its own would be anomalous. However, once embedded into eleven-dimensional 
supergravity one finds that a contribution to the anomaly flows from the bulk into the 
brane, exactly cancelling the anomaly. In fact, from these considerations a first correc¬ 
tion term to eleven-dimensional supergravity has been deduced already ten years ago 
[48], [150], [60]. The mechanism of anomaly cancellation for the M5-brane has been 
reviewed in detail in [P3] and [P4] and we will not cover it here. 

Finally, our methods of local anomaly cancellation and inflow from the bulk can be 
applied to eleven-dimensional supergravity on the interval [83], [P3]. In this context 
an intriguing interplay of new degrees of freedom living on the boundaries, a modified 
Bianchi identity and anomaly inflow leads to a complete cancellation of anomalies. The 
precise mechanism has been the subject of quite some controversy in the literature (see 
for example [22] for references). Our treatment in [P3] Anally provides a clear proof of 
local anomaly cancellation. 

In the following I am going to make this discussion more precise by summarising the 
results of the publications [PI], [P2] and [P3]. The discussion will be rather brief, since 
many of the details can be found in my work [P4]. In the remainder of the introduction 
I quickly review the concept of G 2 -manifoIds, explain the action of eleven-dimensional 
supergravity and introduce the important concept of anomaly inflow. The notation is 
explained in appendix A. 


G 2 -manifolds 

Definition 9.1 Let (xi, ... ,X'j) be coordinates on M'^. Write for the exterior 

form dxi A dxj A ... A dxi on Define a three-form $0 on by 

$0 := dXi23 -|- dXsie -|- dX246 + dx435 -|- dxi47 -|- dx367 -|- dX257 . (9-1) 

The subgroup of GL(7, M) preserving $0 is the exceptional Lie group G 2 . It is compact, 
connected, simply connected, semisimple and 14-dimensional, and it also Axes the four- 
form 

*$0 = dx4567 -|- dX2374 -|- dxi357 -|- dxi276 + dX2356 -|- dxi245 + dxi346 , (9-2) 



Ill 


the Euclidean metric go = dx\ + ... dx^, and the orientation on 

Definition 9.2 A G 2 -structure on a seven-manifold M is a principal subbundle of the 
frame bundle of M with structure group G 2 - Each G 2 -structure gives rise to a 3-form 
<h and a metric g on M, such that every tangent space of M admits an isomorphism 
with identifying $ and g with $0 and go-, respectively. We will refer to (*h, (?) as a 
G 2 -structure. Let V be the Levi-Civita connection, then V<h is called the torsion of 
{^,g)- If V$ = 0 then ($,(?) is called torsion free. A G 2 -manifold is defined as the 
triple (M, where M is a seven-manifold, and (*h,(?) a torsion-free G 2 -structure 

on M. 

Proposition 9.3 Let M he a seven-manifold and (*h, (?) a G 2 -structure on M. Then 
the following are equivalent: 

(i) V<h = 0 , 

(a) d<h = d * <h = 0 , 

(Hi) Ho1(5() C G2- 

Note that the holonomy group of a G 2 -manifold may be a proper subset of G 2 . However, 
we will mean a manifold with holonomy group G 2 whenever we speak of a G 2 -iiianifold 
in the following. Let us list some properties of compact Riemann manifolds (M, g) 
with Ho 1 ( 5 () = G 2 . 

• M is a spin manifold and there exists exactly one covariantly constant spinor,^ 

v^e = o. 

• g is Ricci-flat. 

• The Betti numbers are 6 ° = 6 ^ = 1, 6 ^ = fe® = 0 and and b^ = h^ arbitrary. 

Many more details on G 2 -manifolds can be found in [P4]. A thorough mathematical 
treatment of G 2 -nianifolds, which also contains the proof of proposition 9.3 can be 
found in [85]. 


Eleven-dimensional supergravity 

It is current wisdom in string theory [149] that the low energy limit of M-theory is 
eleven-dimensional supergravity [39]. Therefore, some properties of M-theory can be 
deduced from studying this well understood supergravity theory. Here we review the 
basic field content, the Lagrangian and its equations of motion. More details can be 
found in [135], [47], [49] and [140]. For a recent review see [108]. The field content of 
eleven-dimensional supergravity is remarkably simple. It consists of the metric gMN-, a 
Majorana spin-| fermion ipM and a three-form G = ^GMNpdz^, where z^ 
is a set of coordinates on the space-time manifold Mu. These fields can be combined 

contains the spin connection, see (9.6) or appendix A. 




112 


9 Introduction 


to give the unique M = I supergravity theory in eleven dimensions. The full action is^ 

^ ^ [[n*l--GA*G--CAGAG] 

i,p (9,3) 

~ 2^2 292 J (Gpqps + Gpqps) . 

To explain the contents of the action, we start with the commutator of the vielbeins, 
which dehnes the anholonomy coefficients ^ 

[ca, cb] = [ca’^Om, e^^dN] = ^ab • (9.4) 

Relevant formulae for the spin connection are 

^MAb{g) = -^{—^MAB + ^ABM — ^BMa) , 

^^MAB = ^MAb{&) + MAB^^B^JA — fM'^A'f’B + ‘fB^M'f’A)] ■, 

o 

djMAB '■= ^MAB + o'^P^MAB^^'^Q ' ( 9 - 5 ) 

o 

ipM is a Majorana vector-spinor. The Lorentz covariant derivative reads 

Vf^(u;)'0v := Qm^n + ■ (9.6) 

For further convenience we set 

Vf,(w)V» := V»,(w)V.K - A- - 8i£r0«®) Gpg„p^,v . (9.7) 

G := dG i.e. Gmnpq = 45[MC'AfPQ] • (9.8) 

Gmnpq is dehned as 

Gmnpq '■= Gmnpq + ‘i'f[M^NP'fQ] ■ (9.9) 

The action is invariant under the supersymmetry transformations 

^e^M = , 

3 

SGmnp = ’ (9.10) 

5i>M = '^M{dj)V ■ 


^We define fiM ■= see appendix A. 
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Next we turn to the equations of motion. We will only need solutions of the 
equations of motion with the property that xJjm = 0. Since 'ipM appears at least 
bilinearly in the action, we can set V'm to zero before varying the action. This leads to 
an enormous simplihcation of the calculations. The equations of motion with vanishing 
fermion held read 

d*G+^GAG 

In addition to those held equations we also know that G is closed, as it is exact, 

dG = 0. (9.12) 

A solution (M, (g), (G), ('^)) of the equations of motion is said to be supersymmetric if 
the variations (9.10) vanish at the point ^ = {e^ m)^ Cmnp = {Gmnp), V'm = (V'at)- 
All the vacua we are going to study have vanishing fermionic background, ('(/'m) = 0, 
so the hrst two equations are trivially satished and the last one reduces to 

Vlj{u)g = 0, (9.13) 

evaluated at Gmnp = {Gmnp), m = m) '0m = 0 . We see that and 
Gmnp are automatically invariant and we hnd that the vacuum is supersymmetric if 
and only if there exists a spinor rj s.t. VM 

Vf,i) - ^ (r/®"* - 8if,re«®) GpQ^r, = 0 . (9.14) 


12 

= 0 . 


GmpqrGj^^^^ — -QmnG pqrsG^^^^ 


(9.11) 


Solutions of the equations of motion 

Given the explicit form of the equations of motion, it is easy to see that ('0 m) = 0, 
{G) = 0, together with any Ricci-hat metric on the base manifold Mu is a solution. 
In particular, this is true for [Mn^g) = (M^ x M,7] x g), where (M'^,'?;) is Minkowski 
space and {M,g) is a G 2 -manifold. For such a vacuum the condition (9.14), reduces to 

= 0 . (9.15) 

The statement that the effective four-dimensional theory should be A/” = 1 supersym¬ 
metric translates to the requirement that (9.15) has exactly four linearly independent 
solutions. After the compactihcation the original Poincare group /’(lO, 1) is broken to 
P(3,1) X P{7). The 32 of ^(^(lO, 1) decomposes as 32 = 4 0 8, thus, for a spinor in 
the compactihed theory we have 


v{x,y) = 4^) <8) 9{y) , 


(9.16) 
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with e a spinor in four and 6 a spinor in seven dimensions. The T-matrices can be 
rewritten as 


r“ = 7 “ (g) 1 , 
r- = 7507”^, 


(9.17) 


with { 7 ™"} the generators of a Clifford algebra in seven dimensions. Then it is not hard 
to see that for V'^ = one has 


= Vf 0 1 + 1 0 Vy . 


(9.18) 


Therefore, (9.15) reads 

(Vf 0 1 + 10 Vf)e(a;) 0 6{y) = Vfe{x) 0 6{y) + e{x) 0 V^O^y) = 0 . (9.19) 

On Minkowski space we can hnd a basis of four constant spinors e®. The condition we 
are left with is 

SJ^e{y) = 0 . (9.20) 

Thus, the number of solutions of (9.15) is four times the number of covariantly constant 
spinors on the compact seven manifold. Since we already saw that a G 2 -iiianifold 
carries precisely one covariantly constant spinor, we just proved our statement that 
compactihcations on G 2 -manifolds lead to four-dimensional M = 1 theories. 

Next consider what is known as the Freund-Rubin solution of eleven-dimensional 
gravity. Here (Mu, g) is given by a Riemannian product, (Mu, g) = (M4 x My, gi x g 2 ), 
and ^ 


Mn 

= xR^ X My, 

(V'm) 

= 0 , 

(^ 1 ) 

= g{AdS,), 

{92) 

Einstein, s.t. IZ. 

^ fiiApcr'} 

/ \/ {91) ^flUpCT ■ 


(9.21) 


Next we want to analyze the consequences of (9.14) for the Freund-Rubin solutions. 
We hnd 


= -^(7M75®l)h, 

^ f 

= 777(1 ® 7 m)r/. 


(9.22) 


Again we have the decomposition 32 = 4 0 8 and hence ri{x,y) = e{x) 0 0{y). Then 


^Recall that the topology of AdS^ is x 
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(9.22) reduce to 

V®e = (9.23) 

V®9 = (9.24) 

On AdSi one can find four spinors satisfying (9.23). Therefore, the number of spinors rj, 
satisfying (9.22) is four times the number of spinors 6 which are solutions of (9.24). In 
other words, to hnd Freund-Rubin type solutions with M = k supersymmetry we need 
to hnd compact seven-dimensional Einstein spaces with positive curvature and exactly 
k Killing spinors. One possible space is the seven-sphere which admits eight Killing 
spinors, leading to maximal supersymmetry in four dimensions. A seven-dimensional 
Einstein manifold with exactly one Killing spinor is known as a weak G 2 -manifold. 


Kaluza-Klein compactification on a smooth G 2 -manifolds 

We already mentioned that one has to introduce singularities into the compact G 2 - 
manifold in order to generate interesting physics. Indeed, for smooth G 2 -manifolds we 
have the following proposition. 

Proposition 9.4 The low energy effective theory of M-theory on (M^ x X,r] x g) with 
{X,g) a smooth G 2 -manifold is anM = 1 supergravity theory coupled to b‘^{X) Abelian 
vector multiplets and b^{X) massless neutral chiral multiplets. 

This held content was determined in [115], the Kaluza-Klein compactihcation proce¬ 
dure is reviewed in [P4]. Note that although there are chiral helds in the ehective 
theory these are not very interesting, since they do not couple to the gauge helds. 


Anomaly inflow 

Before we embark on explaining the details of the mechanism of anomaly cancellation 
on singular G 2 -manifolds, we want to comment on a phenomenon known as anomaly 
inflow. A comprehensive discussion of anomalies and many references can be found in 
[P4], the most important results are listed in appendix E, to which we refer the reader 
for further details. The concept of anomaly inflow in effective theories was pioneered 
in [30] and further studied in [110]. See [76] for a recent review. Here we analyse the 
extension of these ideas to the context of M-theory, as studied in [P3]. 

Consider a theory in d = 2n dimensions containing a massless fermion -0 coupled to 
a non-Abelian external gauge held A = AaTa with gauge invariant (Euclidean) action 
S'^['0,A]. The current 

5S^[if,A] 

6AaM{x) 


J^{x) : 


(9.25) 
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is conserved, because of the gauge invariance of the action, = 0. Next we 

dehne the functional 

exp(—X[A]):= J BipDipexp . (9.26) 

Under a gauge variation A{x) —> A'{x) = A{x) + De{x) with e{x) = ea{x)Ta the 
Euclidean action is invariant, but, in general, the measure transforms as 


DipDip —>■ exp 


{d‘^x)Eea{x)Ga[x-, A] 


D'lfjD'ifj . 


(9.27) 


Here {df‘x)E is the Euclidean measure, and the quantity Ga[x]A\, called the anomaly 
function, depends on the theory under consideration (see [P4] for some explicit exam¬ 
ples). Variation of (9.26) then gives 


exp(-V[H]) / {d‘^x)EDM{Ja{x))^a{x)= I id'^x)E I D'ijjDxp[iGa[x;A]ea{x)]exp{-S^), 


where we used the invariance of the Euclidean action under local gauge transfor¬ 
mations. Therefore, 

DM{J^ix))=tGa[x-,A] , (9.28) 

and we hnd that the quantum current {J^{x)) is not conserved. The anomaly Ga[x] A\ 
can be evaluated from studying the transformation properties of the path integral 
measure. 

Note that (9.27) implies 

5X = -i j {d'^x)Eea{x)Ga[x-,A] =; i j , (9.29) 


where we dehned a 2n-form iL- We see that a theory is free of anomalies if the 
variation of the functional X vanishes. This variation is captured by the form and 
it would be nice if we could hnd a simple way to derive this form for a given theory. 
This is in fact possible, as explained in some detail in the appendix. It turns out [126], 
[153], [102] that the 2n-form is related to a 2n -|- 2-form l 2 n +2 via the so called 
decent equations, 

dl\n = ^-^2n+l , d/2n+l = l2n+2 , (9.30) 


where l 2 n +2 is a polynomial in the held strengths. Furthermore, the anomaly polyno¬ 
mial / 2 n +2 depends only on the held content of the theory. It can be shown that the 
only helds leading to anomalies are spin-i fermions, spin-| fermions and forms with 
(anti-)self-dual held strength. The anomaly polynomials corresponding to these helds 
are given by (see [12], [11] and references therein) 


-'2n+2 


-27r 


A{M2n) ch(F) 


J 2n+2 




r(3/2) 

-'2n+2 

^2n+2 


-2tt 


A{M2n) 


^ tr exp 




-27r 



1 

4 


L{M2n) 


2n+2 


ch(F) 


2n+2 


(9.31) 

(9.32) 

(9.33) 
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To be precise these are the anomalies of spin-i and spin-| particles of positive chirality 
and a self-dual form in Euclidean space, under the gauge transformation 5A = De 
and the local Lorentz transformations 6 uj = De. All the quantities appearing in these 
formulae are explained in appendices B.4 and E. The polynomials of the spin-^ helds, 

-^ 2 n +25 can be written as a sum of terms containing only the gauge helds, terms con¬ 
taining only the curvature tensor and terms containing both. These terms are often 
referred to as the gauge, the gravitational and the mixed anomaly, respectively. As 
to determine whether a theory is anomalous or not, is is then sufficient to add all 
the anomaly polynomials l 2 n+ 2 - If they sum up to zero, the variation of the quantum 
effective action (9.29) vanishes^ as well, and the theory is anomaly free. 

It turns out that this formalism has to be generalized, since we often encounter 
problems in M-theory in which the classical action is not fully gauge invariant. One 
might argue that in this case the term “anomaly” loses its meaning, but this is in fact 
not true. The reason is that in many cases we study theories on manifolds with bound¬ 
ary which are gauge invariant in the bulk, but the non-vanishing boundary contributes 
to the variation of the action. So in a sense, the variation is nonzero because of global 
geometric properties of a given theory. If we studied the same Lagrangian density on 
a more trivial manifold, the action would be perfectly gauge invariant. This is why it 
still makes sense to speak of an anomaly. Of course, if we vary the functional (9.26) 
in theories which are not gauge invariant we obtain an additional contribution on the 
right-hand side. This contribution is called an anomaly inflow term, for reasons which 
will become clear presently. 

Consider for example a theory which contains the topological term of eleven¬ 
dimensional supergravity. In fact, all the examples we are going to study involve 
either this term or terms which can be treated similarly. Clearly, C A dC A dC 
is invariant under C ^ C + dA as long as Mu has no boundary. In the presence of 
a boundary we get the non-vanishing result A A dC A dC. Let us study what 
happens in such a case to the variation of our functional. To do so we hrst need to hnd 
out how our action can be translated to Euclidean space. The rules are as follows (see 
[P3] for a detailed discussion of the transition from Minkowski to Euclidean space) 



• - n ' - 'T’^ 

. 5 ^E • 5 • • • 



{d^^x)E 

:= id^^x , 



^IMN 

:= —iCo(^M-i){N-i) , M,N.. 

. e {2,.. 

.,11} 

^MNP 

= C[M-1){N-1){P-1) , 



~E 

^123...11 

= +1 . 




(9.34) 


^This is in fact not entirely true. It can happen that the sum of the polynomials Dn+i of a given 
theory vanishes, but the variation of X is non-zero. However, in these cases one can always add a 
local counterterm to the action, such that the variation of X corresponding to the modified action 
vanishes. 
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We know that = iS^, where is the Minkowski action, but explicitly we have® 

■4^ jGmwpoG"'''’® 

j d^^x^/g 3]4]4] ^ ^ MqM\M 2^M'jM^MgMxQ 

^ f ^ ^ ( E\Mi...Mil f^E f^E fiE 

22 ^ 2 ^ J ^JEy'g It ) MiM 2M3'^MsMiiMioMii ■ 

(9.35) 

But then we can read off 

where a crucial factor of i turns up. We write + S'^^p =• ^kin + '^^topi because 

is imaginary, so is real. Then, for an eleven-manifold with boundary, we find 
5S^ = idS^p = y 2 ^ IdMii ^ ^ means that 5S^ has precisely the 

right structure to cancel an anomaly on the ten-dimensional space dMn. This also 
clarifies why one speaks of anomaly inflow. A contribution to an anomaly on dMn is 
obtained by varying an action defined in the bulk Mu. 

Clearly, whenever one has a theory with 5S^ 7 ^ 0 we find the master formula 

5X = 5S^ + i j II^ = -idS^ + i j II^ . (9.36) 

The theory is anomaly free if and only if the right-hand side vanishes. In other words, 
to check whether a theory is free of anomalies we have to rewrite the action in Eu¬ 
clidean space, calculate its variation and the corresponding 2 n-|- 2 -form and add i times 
the anomaly polynomials corresponding to the fields present in the action. If the result 
vanishes the theory is free of anomalies. In doing so one has to be careful, however, 
since the translation from Minkowski to Euclidean space is subtle. In particular, one 
has to keep track of the chirality of the particles involved. The reason is that with 
our conventions (A.27) for the matrix T^+i we have = —T^j^ for d = Ak + 2, 
but for Ak. In other words a fermion of positive chirality in four dimen¬ 

sional Minkowski space translates to one with positive chirality in four-dimensional 
Euclidean space. In six or ten dimensions, however, the chirality changes. To calculate 
the anomalies one has to use the polynomials after having translated everything to 
Euclidean space. 

®Our conventions are such that ^ ^Mi...Md jg totally anti-symmetric 

with gOi.-.d _ _j_t^ See [P3] and appendix A for more details. 


qM 

^kin 


qM 

^top 














Chapter 10 


Anomaly Analysis of M-theory on 
Singular G 2 -Manifolds 

It was shown in [17], [7] that compactihcations on G 2 -nianifolds can lead to charged 
chiral fermions in the low energy effective action, if the compact manifold has a conical 
singnlarity. Non-Abelian gange helds arise [3], [4] if we allow for ADE singnlarities on 
a locus Q of dimension three in the G 2 -manifold. We will not review these results but 
refer the reader to the literature [6]. We are more interested in the question whether, 
once the manifold carries conical singularities, the effective theory is free of anomalies. 
This chapter is based on the results of [P2]. 


10.1 Gauge and mixed anomalies 

Let then A be a compact G 2 -manifold that is smooth except for conical singularities^ 
Pa, with a a label running from one to the number of singularities in X. Then there 
are chiral fermions sitting at a given singularity Pa- They have negative^ chirality and 
are charged under the gauge group (c.f. proposition 9.4). Their contribution 

to the variation of X is given by 

5X\anomaly = Hl with Iq = -27r[(-l)i(M4)ch(F)]6 . (10.1) 

Here the subscript “anomaly” indicates that these are the contributions to 6X coming 
from a variation of the measure. Later on, we will have to add a contribution coming 
from the variation of the Euclidean action. The sign of Jg is differs from the one in (9.31) 
because the fermions have negative chirality. The anomaly polynomials corresponding 
to gauge and mixed anomalies localized at Pa are then given by (see appendices A and 

'^Up to now it is not clear whether such G'2-manifolds exist, however, examples of non-compact 
spaces with conical singularities are known [ 63 ], and compact weak G2-manifolds with conical singu¬ 
larities were constructed in [PI]. 

^Recall that this is true both in Euclidean and in Minkowski space, since yf" = 7^, such that the 
chirality does not change if we translate from Minkowski to Euclidean space. 
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E for the details, in particular F = iF^q^), 


j(gauge) _ 



j{mixed) 


Qo 


Pi 


crGTa \ ^=1 


( 10 . 2 ) 

a labels the four dimensional chiral multiplets which are present at the singularity 
Pa- Ta is simply a set containing all these labels, q^. is the charge of with respect 
to the z-th gauge held A®. As all the gauge helds come from a Kaluza-Klein expansion 
of the C-held we have b‘^{X) of them. p[ = —^ tr i? A i? is the hrst Pontrjagin class 
of four dimensional space-time Our task is now to cancel these anomalies locally, 
i.e. separately at each singularity. 

So far we have only been using eleven-dimensional supergravity, the low energy limit 
of M-theory. However, in the neighbourhood of a conical singularity the curvature of 
X blows up. Close to the singularity the space X is a cone on some manifold 
Ya (i.e. close to Pa we have ds^ ~ dr^ -|- r^dsy^). But as X is Ricci-hat Ya has 
to be Einstein with = 5(5mn- The Riemann tensor on X and Ya are related by 

for m G {1, 2,..., 6}. Thus, the supergravity 
description is no longer valid close to a singularity and one has to resort to a full 
M-theory calculation, a task that is currently not feasible. 

To tackle this problem we use an idea that has hrst been introduced in [60] in 
the context of anomaly cancellation on the M5-brane. The world-volume Wq of the 
M5-brane supports chiral held which lead to an anomaly. Quite interestingly, one can 
cancel these anomalies using the inhow mechanism, but only if the topological term of 
eleven-dimensional supergravity is modihed in the neighbourhood of the brane. Since 
we will proceed similarly below, let us quickly motivate these modihcations. The hve- 
brane acts as a source for the held G, i.e. the Bianchi identity, dG = 0, is modihed to 
dG ~ In fhe treatment of [60] a small neighbourhood of the hve-brane world- 

volume Wq is cut out, creating a boundary. Then one introduces a smooth function p 
which is zero in the bulk but drops to —1 close to the brane, in such a way that dp has 
support only in the neighbourhood of the boundary. This function is used to smear 
out the Bianchi identity by writing it as dG ~ ... A dp. The solution to this identity 
is given by G = dG -|- . .. A dp, i.e. the usual identity G = dG is corrected by terms 
localised on the boundary. Therefore, it is not clear a priori how the topological term 
of eleven-dimensional supergravity should be formulated (since for example the terms 
G A dG A dG and G AG AG are now different). It turns out that all the anomalies of 
the M5-brane cancel if the topological term reads Scs = f GAG AG, where G 

is a held that is equal to G far from the brane, but is modihed in the neighbourhood 
of the brane. Furthermore, G = dG. This mechanism of anomaly cancellation in the 
context of the M5-brane is reviewed in detail in [P3] and [P4]. 

Now we show that a similar treatment works for conical singularities. We hrst 
concentrate on the neighbourhood of a given conical singularity Pa with a metric 
locally given by ds^ ~ dr^ -f r^dsy^. The local radial coordinate obviously is > 0, 
the singularity being at = 0. As mentioned above, there are curvature invariants 
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of X that diverge as ^ 0. In particular, supergravity cannot be valid down to 
Ta = 0. Motivated by the methods used in the context of the M5-brane, we want 
to modify our helds close to the singularity. More precisely, we want to cut of the 
fluctuating helds using a smooth function p, which equals one far from the singularity 
but is zero close to it. The geometry itself is kept hxed, and in particular we keep the 
metric and curvature on X. Said differently, we cut off all helds that represent the 
quantum huctuations, but keep the background helds (in particular the background 
geometry) as before. To be specihc, we introduce a small but hnite regulator e, and 
the regularised step function such that 


f 0 for 0 < Va < R — e 
11 for ra> R + e 


(10.3) 


where e/R is small. Using a partition of unity we can construct a smooth function 
p on X from these pa in such a way that p vanishes for points with a distance to a 
singularity which is less than R — e and is one for distances larger than R + e. We 
denote the points of radial coordinate R in the chart around Pa by Uq,, where the 
orientation of Ya is dehned in such a way that its normal vector points away from 
the singularity. All these conventions are chosen in such a way that J ^(...) A dp = 
Iy (•••)• The shape of the function p is irrelevant, in particular, one might use 
instead of p, i.e. p^ ~ p. However, when evaluating integrals one has to be careful 
since p^'dp = :^^dp"'+^ ~ ^^^dp, where a crucial factor of appeared. In particular, 
for any ten-form 0(io), not containing p’s or dp we have 


/ 0(io)P”dp = ^ / 0(10) 

JMiXX „ ~r ^ J MiXYa 


(10.4) 


Using this function p we can now “cut off’ the quantum fluctuations by simply dehning 

d-.= Cp , G = Gp. (10.5) 


The gauge invariant kinetic term of our theory is constructed from this held 


S 


kin — 


1 


G A xG 


dCA*dC. 

Jr>R 


( 10 . 6 ) 


However, the new held strength G no longer is closed. This can be easily remedied by 
dehning 

C := Cp + B Adp , G:=dC (10.7) 

Note that G = G + (C + dB) A dp, so we only modihed G on the Ya- The auxiliary 
held B living on Ya has to be introduced in order to maintain gauge invariance of G. 
Its transformation law reads 

6B = A, (10.8) 


which leads to 


6C = d{Ap) 


( 10 . 9 ) 
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Using these fields we are finally in a position to postulate the form of a modified 
topological term [P2], 

Stop ■= ~„ 2 [ cagag. ( 10 . 10 ) 

Jr'^xX 

To see that this form is indeed useful for our purposes, one simple has to calculate 
its gauge transformation. After plugging in a Kaluza-Klein expansion of the fields, 
G = A* A a;* + ..., A = e*a;* + ..., where the are harmonic two-forms on X 

(see [P2] and [P4] for details), we arrive at 

■55.0, = - E j (U)Vaw'Aw‘. (10.11) 

„ (27r)23! Jy^ 

Here we used T 2 := (j • The quantity T 2 can be interpreted as the M2-brane 

tension [P3]. Note that the result is a sum of terms which are localized at Ya- The 
corresponding Euclidean anomaly polynomial is given by 

4'°"’= EA'? =-»E<? = E/ (r2)VAiA^'Aa,‘. (10.12) 

This is very similar to the gauge anomaly and we do indeed get a local cancel¬ 

lation of the anomaly, provided we have 




(10.13) 


(Note that the condition of local anomaly cancellation is -l- lE°a ~ 0; from 

(9.36).) In [152] it was shown that this equation holds for all known examples of conical 
singularities. It is particularly important that our modified topological term gives a 
sum of terms localized at without any integration by parts on X. This is crucial, 
because local quantities are no longer well-defined after an integration by parts^. 


After having seen how anomaly cancellation works in the case of gauge anomalies we 
turn to the mixed anomaly. In fact, it cannot be cancelled through an inflow mechanism 
from any of the terms in the action of eleven-dimensional supergravity. However, it 
was found in [131], [48] that there is a first correction term to the supergravity action, 
called the Green-Schwarz term. On a smooth manifold x X it reads 

Sgs = -^ f GAXj = -^ f GA Xs, (10.14) 

jRixX jR^xX 

^Consider for example df = f{b) — f{a) = (/(&) -t c) — (/(a) + c). It is impossible to infer the 
value of / at the boundaries a and b. 
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with 

and Xg = dX^. The precise coefficient of the Green-Schwarz term was determined in 
[P3]. Then, there is a natural modihcation^ on our singular manifold [P2], 

Sgs-=-^[ CAXg. (10.16) 

and its variation reads 

5Sgs = -^ E ^ 

2vr ^ jR4xy„ 


To obtain this result we again used a Kaluza-Klein expansion, and we again did not 
integrate by parts. Xg can be expressed in terms of the hrst and second Pontrjagin 
classes, pi = —^ (^)^tri?^ and P 2 = | ~ 2tri?"^], as 


^8 


71 

4! 



(10.18) 


The background we are working in is four-dimensional Minkowski space times a G 2 - 
manifold. In this special setup the Pontrjagin classes can easily be expressed in terms 
of the Pontrjagin classes pi on {W^,p) and those on {X,g), which we will write as p'l- 
We have pi = p[ + p'l and p 2 = p[ A p”. Using these relations we obtain a convenient 
expression for the inflow (10.17), 



The corresponding (Euclidean) anomaly polynomial is given by 



and we see that the mixed anomaly cancels locally provided 



(10.19) 


( 10 . 20 ) 


( 10 . 21 ) 


All known examples satisfy this requirement [152]. 

"^The reader might object that in fact one could also use / C AXg, J GA W or J GAXs- However, 
all these terms actually lead to the same result [P2]. 
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10.2 Non-Abelian gauge groups and anomalies 


Finally we also want to comment on anomaly cancellation in the case of non-Abelian 
gauge groups. The calculations are relatively involved and we refer the reader to [152] 
and [P2] for the details. We only present the basic mechanism. Non-Abelian gauge 
helds occur if X carries ADE singularities. The enhanced gauge symmetry can be 
understood to come from M2-branes that wrap the vanishing cycles in the singularity. 
Since ADE singularities have codimension four, the set of singular points is a three- 
dimensional submanifold Q of X. Chiral fermions which are charged under the non- 
Abelian gauge group are generated if the Q itself develops a conical singularity. Close 
to such a singularity Pq of Q the space X looks like a cone on some Ya- If Ua denotes 
the intersection of Q with then, close to P„, Q is a cone on Ua- In this case there 
are ADE gauge helds on x Q which reduce to non-Abelian gauge helds on if 
we perform a Kaluza-Klein expansion on Q. On the Pa we have a number of chiral 
multiplets which couple to both the non-Abelian gauge helds and the Abelian ones, 
coming from the Kaluza-Klein expansion of the C-held. Thus, we expect to get a 
U{1)^, and anomaly®, where H is the relevant ADE gauge group. The 

relevant anomaly polynomial for this case is (again taking into account the negative 
chirality of the fermions) 

Jg = -27r[(-l)i(M)ch(F(^®))ch(F)]6 (10.22) 

where pOf*) ;= iq^E'' denotes the Abelian and E the non-Abelian gauge held. Expan¬ 
sion of this formula gives four terms namely (10.2) and 


t(h^) ^ 

(27r)23! 

It turns out [152], [P2] that our 
read 

= 

^2 = 


■trP^ , ^ _ 


(10.23) 


(27r)22 

special setup gives rise to two terms on x Q, which 


6(27r)2 

^ / 

2(27r)2 


K MriAE"^) , 


C A trP^ _ 




(10.24) 

(10.25) 


Here K is the curvature of a certain line bundle described in [152], and A and E are 
modihed versions of A and P, the gauge potential and held strength of the non-Abelian 
ADE gauge held living on x Q. The variation of these terms leads to contributions 
which are localised at the various conical singularities, and after continuation to Eu¬ 
clidean space the corresponding polynomials cancel the anomalies (10.23) locally, i.e. 
separately at each conical singularity. For the details of this mechanism the reader is 
referred to [P2]. The main steps are similar to what we did in the last chapter, and 
the only difficulty comes from the non-Abelian nature of the helds which complicates 
the calculation. 

®The C/(1)^G anomaly is not present as tr Ta vanishes for all generators of ADE gauge groups, 
and the i4^-anomaly is only present for H = SU (n). 








Chapter 11 

Compact Weak C 2 -Manifolds 


We have seen already that one possible vacuum of eleven-dimensional supergravity is 
given by the direct product of AdS^ with a compact Einstein seven-manifold of posi¬ 
tive curvature, together with a flux oc epupa- Furthermore, if the compact space 

carries exactly one Killing spinor we are left with A/" = 1 in four dimensions. Such man¬ 
ifolds are known as weak G2-manifolds. As for the case of G2-manifolds one expects 
charged chiral fermions to occur, if the compact manifold carries conical singularities. 
Unfortunately, no explicit metric for a compact G2-manifold with conical singulari¬ 
ties is known. However, in [PI] explicit metrics for compact weak G2-manifolds with 
conical singularities have been constructed. These spaces are expected to share many 
properties of singular compact G2-manifolds, and are therefore useful to understand 
the structure of the latter. 

The strategy to construct the compact weak G2-holonomy manifolds is the follow¬ 
ing: we begin with any non-compact G2-holonomy manifold X that asymptotically, 
for “large r” becomes a cone on some 6 -manifold Y. Manifolds of this type have been 
constructed in [ 63 ]. The G2-holonomy of X implies certain properties of the 6 -manifold 
Y which we deduce. In fact, Y can be any Einstein space of positive curvature with 
weak S' 17 ( 3 )-holonomy. Then we use this Y to construct a compact weak G2-holonomy 
manifold Xx with two conical singularities that, close to the singularities, looks like a 
cone on Y. 

11.1 Properties of weak G 2 -manifolds 

On a weak G2-manifold there exists a unique Killing spinor^. 



( 11 . 1 ) 


from which one can construct a three-form 


d>A := e“ A e'A e^ (11.2) 

_ 6 


^Note that a, 6,c are “flat” indices with Euclidean signature, and upper and lower indices are 
equivalent. 
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which satisfies 


d<l>A = 4A . 


Furthermore, (11.1) implies that Xx has to be Einstein, 


K.J = 6A^t/y . 


(11.3) 

(11.4) 


It can be shown that the converse statement is also true, namely that Eq. (11.3) implies 
the existence of a spinor satisfying (11.1). Note that for A —0, at least formally, weak 
G 2 goes over to G 2 -holonomy. 

To proceed we define the quantity ij^abc to be totally antisymmetric with 'ipi 23 = 
V'sie = "0624 = "0435 = V’471 = ^673 = ^572 = 1, and its dual 

i’abcd := . (11.5) 

Using these quantities we note that every antisymmetric tensor ^4“^ transforming as the 
21 of SO(7) can always be decomposed [23] into a piece transforming as the 14 of 
G 2 (called self-dual) and a piece ^4“^ transforming as the 7 of G 2 (called anti-self-dual): 


Alf 


j^ab ^ y^ab 


2 

3 

1 

3 


}i^a.bcdj^cd^ 
_ ^i^abcd^cd^ 


=: 7^1471“' , 
=: , 


( 11 . 6 ) 

(11.7) 

( 11 . 8 ) 


with orthogonal projectors (^ 14)^6 := f (<5a6 + and (VrYat ■= | [Kb “ 

Kb •= ^(KK ~ KK)- Using the identity^ 


YabdeYdec ^Yabc (^U9) 

we find that the self-duaU part satisfies 

^ahcy^bc ^ Q ^ 

In particular, one has 

, .ab.nb , ab.ab , , ab.ab /t i i r)\ 

oj 7 = a;_|_ 7_|_ + a;_ 7_ . (^ii.izj 

The importance of (anti-)self-duality will become clear in the following theorem. 
^Many useful identities of this type are listed in the appendix of [23]. 

^The reader might wonder how this name is motivated, since so far we did not encounter a self¬ 
duality condition. As a matter of fact one can show that for any anti-symmetric tensor 5“^ the 
following three statements are equivalent 



= 0 , 


Bab 

= 0 , 

( 11 . 10 ) 

Bab 




and the last equation now explains the nomenclature. 
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Theorem 11.1 A manifold {M,g) is a (weak) G 2 -manifold, if and only if there exists 
a frame in which the spin connection satisfies 


^ -2Ae“ , 


(11.13) 


where e“ is the 7-bein on X. 


We will call such a frame a self-dual frame. The proof can be found in [23]. In the case 
of a G 2 -iiianifold one simply has to take A = 0. We also need the following: 

Proposition 11.2 The three-form of Eg. (11.2) can be written as 

e“ A e'’A e" (11-14) 

D 

if and only if the 7-beins e“ are a self-dual frame. This holds for A = 0 (G 2 ) and A 7 ^ 0 
(weak G 2 )- 

Later, for weak G 2 , we will consider a frame which is not self-dual and thus the 3-form 
•La will be slightly more complicated than (11.14). To prove the proposition it will 
be useful to have an explicit representation for the 7 -matrices in 7 dimensions. A 
convenient representation is in terms of the fjabc as [23] 

{la)AB = iilf’aAB + haA^SB — daB^SA) ■ (11.15) 

Here a = 1,... 7 while A,B = 1,... 8 and it is understood that tpaAB = 0 if A or i? 
equals 8 . One then has [23] 

{'yab)AB = i’abAB +'(’abAdsB — 'f’abBdsA + SaA^bB — daB^bA , (11.16) 

{Pabc)AB if^abci.dAB ^dgy^dg^) Sif^AlabdcJB ^If^BlabdcJA 

—I'lpabcAdgB — I'lpabcBdgA ■ (H-l^) 

In order to see under which condition (11.2) reduces to (11.14) we use the explicit 
representation for the 7 -matrices (11.15) given above. It is then easy to see that 
d 7 a 6 c^ 'ipabc if and only if 6a ~ dgA- This means that our 3-form $ is given by 
(11.14) if and only if the covariantly constant, resp. Killing spinor 9 only has an eighth 
component, which then must be a constant which we can take to be 1. With this 
normalisation we have 

O'^labcd = -i'lpabc , (11.18) 

SO that $ is correctly given by (11.14). From the above explicit expression for 7^6 one 
then deduces that {'yab)AB6B = ipabA and uj^’^{'yab)AB6B = oj'^^'ipabA- Also, i{'^c)AB6B = 
—dcA, so that Eq. (11.1) reduces to uj'^^'ipabc = —2\e^. 
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11.2 Construction of weak G' 2 -holononiy manifolds 
with singularities 

Following [PI] we start with any (non-compact) G 2 -manifold X which asymptotically 
is a cone on a compact 6-manifold Y, 

ds^ ~ dr^-I-r^dsy . (11.19) 


Since X is Ricci flat, Y must be an Einstein manifold with TZap = 56ap- 
[63], Y = CP^, X or SU{3)/U{iy, with explicitly known metrics, 
introduce 6-beins 


6 


In practice 
On Y we 


d4 = , 


( 11 . 20 ) 


and similarly on X 

7 

d4 = e“ (g) e“ . (11-21) 

a=l 


Our conventions are that a,b,... run from 1 to 7 and a, /3,... from 1 to 6. The various 
manifolds and corresponding viel-beins are summarized in the table below. Since X 
has G 2 -holonomy we may assume that the 7-beins e“ are chosen such that the are 
self-dual, and hence we know from the above remark that the closed and co-closed 
3-form <F is simply given by Eq. (11.14), i.e. $ = |'^a6ce“ A A e'^. Although there is 
such a self-dual choice, in general, we are not guaranteed that this choice is compatible 
with the natural choice of 7-beins on X consistent with a cohomogeneity-one metric 
as (11.19). (For any of the three examples cited above, the self-dual choice actually is 
compatible with a cohomogeneity-one metric.) 


A 

Y 


ATa 

e“ 

e“ 


e“ 

$ 


0 

<hA 


Table 1 : The various manifolds, corresponding viel-beins 
and 3-forms that enter our construction. 

Now we take the limit X —> Xc in which the G 2 -manifold becomes exactly a cone 
on Y so that e“ —>■ e“ with 

e" = = dr . (11.22) 

In this limit the cohomogeneity-one metric can be shown to be compatible with the 
self-dual choice of frame (see [PI] for a proof) so that we may assume that (11.22) is 
such a self-dual frame. More precisely, we may assume that the original frame e“ on 
X was chosen in such a way that after taking the conical limit the e“ are a self-dual 
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frame. Then we know that the 3-form $ of X becomes a 3-form 0 of Xc given by the 
limit of (11.14), namely 

(/) = r'^dr A ^ + r^( , (11.23) 

with the 2- and 3-forms on Y dehned by 

^ e" A , C = A ?^ A ?^ . (11.24) 

The dual 4-form is given by 

*(/) = - r^dr A , (11.25) 

where is the dual of ^ in As for the original $, after taking the conical limit, 
we still have d(/) = 0 and d* *0 = 0. This is equivalent to 


de = 3C, 

d = —4 


(11.30) 


These are properties of appropriate forms on F, and they can be checked to be true for 
any of the three standard F’s. Actually, these relations show that F has weak SU (3)- 
holonomy. Conversely, if F is a 6-dimensional manifold with weak S'17(3)-holonomy, 
then we know that these forms exist. This is analogous to the existence of the 3-form 
<hA with d<hA = 4A*<hA for weak G 2 -holonomy. These issues were discussed e.g. in [79]. 
Combining the two relations (11.30), we see that on F there exists a 2-form ^ obeying 


d*M^ + 12*^^ = 0 , d*^^ = 0. (11.31) 

^We need to relate Hodge duals on the 7-manifolds X, Xc or Xx to the Hodge duals on the 6- 
manifold Y. To do this, we do not need to specify the 7-manifold and just call it X^. We assume that 
the 7-beins of Xy, called e“, and the 6-beins of Y, called ?“ can be related by 

= dr , e“ = /i(r)?“ . (11.26) 

We denote the Hodge dual of a form tt on Xt simply by *7r while the 6-dimensional Hodge dual of 
a form cr on H is denoted *^a. The duals of p-forms on Xy and on Y are defined in terms of their 
respective viel-bein basis, namely 

* (e“^ A ... A e“C = A ... A e"-'’ (11.27) 

and 

A ... A A ... A . (11.28) 

Here the etensors are the “flat” ones that equal ±1. Expressing the e“ in terms of the ?“ provides 

the desired relations. In particular, for a p-form ujp on Y we have 

* (dr A ujp) = *'^U!p , 

*ujp = {-)Ph{r)^-^Pdr A *^u;p , (11.29) 

where we denote both the form on Y and its trivial extension onto Xx by the same symbol ujp. 
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This implies Ay^ = 12^, where Ay = — — d*^d*^ is the Laplace operator 

on forms on Y. Note that with C = ^d.^ we actually have (j) = d and 0 is 

CO homologically trivial. This was not the case for the original $. 

We now construct a manifold X\ with a 3-form that is a deformation of this 
3-form (j) and that will satisfy the condition (11.3) for weak G 2 -holonomy. Since weak 
G 2 -manifolds are Einstein manifolds we need to introduce some scale tq and make the 
following ansatz for the metric on Xx 

dsx^ = dr^ -I- Tq sin^ f dsy , (11.32) 

with 

f = — , 0 < r < vrro . (11.33) 

ro 

Clearly, this metric has two conical singularities, one at r = 0 and the other at r = irro. 

We see from (11.32) that we can choose 7-beins e“ on Xx that are expressed in 
terms of the 6 -beins of Y as 

e" = rosinr?" , = dr . (11.34) 

Although this is the natural choice, it should be noted that it is not the one that 
leads to a self-dual spin connection that satishes Eq. (11.13). We know from [23] 
that such a self-dual choice of 7-beins must exist if the metric (11.32) has weak G 2 - 
holonomy but, as noted earlier, there is no reason why this choice should be compatible 
with cohomogeneity-one, i.e choosing = dr. Actually, it is easy to see that for 
weak G 2 -holonomy, A 7 ^ 0, a cohomogeneity-one choice of frame and self-duality are 
incompatible: a cohomogeneity-one choice of frame means = dr and e“ = h(Q,)(r)e'" 

so that 0 ;“^ = and o;"^ = ^.[^^(r)?". But then the self-duality condition for 

0 = 7 reads = —2Adr. Since is the spin connection on Y, associated 

with it contains no dr-piece, and the self-duality condition cannot hold unless A = 0. 

Having dehned the 7-beins on Xx in terms of the 6 -beins on Y, the Hodge duals 
on Xx and on Y are related accordingly. If oOp is a p-form on Y, we have 


*(drAo;p) = (rosinf)® 

*ujp = (—)^ (rosinr)®~^^dr A "hOp , 

where we denote both the form on Y and its trivial (r-independent) extension onto Xx 
by the same symbol Up. 

Finally, we are ready to determine the 3-form 4)^ satisfying d<I>A = A*<I>a. We make 
the ansatz [PI] 


‘1’a = (?"osinf)^ dr A (rosinf)^ (cosr (C-|-sinr p) . (11.36) 

Here, the 2-form ^ and the 3-forms ( and p are forms on Y which are trivially extended 
to forms on Xx (no r-dependence). Note that this $a is not of the form (11.14) as 
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the last term is not just ( but cosf ( + sinf p. This was to be expected since the 
cohomogeneity-one frame cannot be self-dual. The Hodge dual of <hA then is given by 

= (rosinf)'^ — (rosinf)^ dr A {cosf*% -|- sinf *bo) (11.37) 


while 


d<hA = (rosinf)^ dr A (—d^-f 3C) + (rosinf)^ (cosf dC + sinf dp) 

4 

+ —(rgsinf)^ dr A (cosf p — sinf C) . (11.38) 

ro 

In the last term, the derivative dr has exchanged cos f and sin f and this is the reason 
why both of them had to be present in the hrst place. 

Requiring d<hA = 4A*<hA leads to the following conditions 


de = 

3C, 

(11.39) 

dp = 

4Aro*-e , 

(11.40) 

P = 

1 

>> 

0 

* 

(11.41) 

c = 

Aro *^p . 

(11.42) 


Equations (11.41) and (11.42) require 

ro = i (11.43) 

and C = *^p P = —*% (since for a 3-form *^{*^ 003 ) = —c^s). Then (11.40) is 
dp = 4*^^, and inserting p = —*% and Eq. (11.39) we get 

d + 12 = 0 and d = 0 . (11.44) 


But we know from (11.31) that there is such a two-form on Y. Then pick such a ^ 
and let C = |d^ and p = —*% = — \ *Ri^. We conclude that 

sin Ar 
A 

satishes d<hA = 4 A*$a and that the manifold with metric (11.32) has weak G 2 -holonomy. 
Thus we have succeeded to construct, for every non-compact G 2 -manifold that is 
asymptotically (for large r) a cone on E, a corresponding compact weak G 2 -manifold 
Xx with two conical singularities that look, for small r, like cones on the same Y. Of 
course, one could start directly with any 6-manifold Y of weak S'17(3)-holonomy. 

The quantity A sets the scale of the weak G 2 -manifold Xa which has a size of order 
4. As A —> 0 , Xa blows up and, within any hxed hnite distance from r = 0, it looks 
like the cone on Y we started with. 



dr A ^ -f 


1 f sin Ar 


A 


(cos Ar d^ — sin Ar *’^d^) 


(11.45) 
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Cohomology of the weak G 2 -manifolds 

As mentioned above, what one wants to do with our weak G 2 -manifold at the end of 
the day is to compactify M-theory on it, and generate an interesting four-dimensional 
effective action. This is done by a Kaluza-Klein compactification (reviewed for instance 
in [P4]), and it is therefore desirable to know the cohomology groups of the compact 
manifold. To be more precise, there are various ways to define harmonic forms which 
are all equivalent on a compact manifold without singularities where one can freely 
integrate by parts. Since Xx has singularities we must be more precise about the 
definition we adopt and about the required behaviour of the forms as the singularities 
are approached. 

Physically, when one does a Kaluza-Klein reduction of an eleven-dimensional k- 
form Ck one first writes a double expansion Ck = Ylp=o ^k-p ^ ‘Pp where are 
(fc—p)-form fields in four dimensions and the constitute, for each p, a basis of p-form 
fields on Xx- It is convenient to expand with respect to a basis of eigenforms of the 
Laplace operator on Xx- Indeed, the standard kinetic term for Ck becomes 

E I f A ’dAi_^ / A >; 

p,r V JX, 

[ [ d 0 ;AM 0 ;]. (ii.ie) 

JM4 fXx ) 

Then a massless field Ak-p in four dimensions arises for every closed p-form on Xx 
for which (j)p A *(j)p is finite. Moreover, the usual gauge condition d*Ck = 0 leads to 
the analogous four-dimensional condition d*Ak-p = 0 provided we also have d* 0 p = 0 . 
We are led to the following definition: 

Definition 11.3 An L^-harmonic p-form (j)p on Xx is a p-form such that 


(*) 

= / (ppA*(pp<oo, and 

(11.47) 


Jxx 


ii) 

dcfp = 0 and d* (fp = 0 . 

(11.48) 


Then one can prove [PI] the following: 

Proposition 11.4 Let Xx he a 7-dimensional manifold with metric given by (11-32), 
(11.33). Then all L^-harmonic p-forms (j)p on Xx for p < 3 are given by the trivial 
(r-independent) extensions to Xx of the -harmonic p-forms lOp on Y. For p > 4 all 
Lf-harmonic p-forms on Xx are given by *<p 7 -p. 

Since there are no harmonic 1-forms on Y we immediately have the 
Corollary : The Betti numbers on Xx are given by those of Y as 

b^{Xx) = b\Xx) = 1 , b\Xx) = h\Xx) = 0 , 

b\Xx) = b\Xx) = b\Y) , b\Xx) = b\Xx) = b\Y) . (11.49) 

The proof of the proposition is lengthy and rather technical and the reader is referred 
to [PI] for details. 


dCkA^dCk = 


' Ma>^X\ 



Chapter 12 

The Hofava-Witten Construction 


The low-energy effective theory of M-theory is eleven-dimensional supergravity. Over 
the last years various duality relations involving string theories and eleven-dimensional 
supergravity have been established, conhrming the evidence for a single underlying 
theory. One of the conjectured dualities, discovered by Hofava and Witten [83], relates 
M-theory on the orbifold Mio x S'^/Z 2 to x heterotic string theory on the manifold 
Miq. In [83] it was shown that the gravitino held M, iV,... = 0,1,... 10, present in 
the eleven-dimensional bulk Mio x / 1^2 leads to an anomaly on the ten-dimensional 
hxed “planes” of this orbifold. Part of this anomaly can be cancelled if we introduce a 
ten-dimensional E^ vector multiplet on each of the two hxed planes. This does not yet 
cancel the anomaly completely. However, once the vector multiplets are introduced 
they have to be coupled to the eleven-dimensional bulk theory. In [83] it was shown 
that this leads to a modihcation of the Bianchi identity to dG 7 ^ 0, which in turn leads 
to yet another contribution to the anomaly, coming from the non-invariance of the 
classical action. Summing up all these terms leaves us with an anomaly free theory. 
However, the precise way of how all these anomalies cancel has been the subject of 
quite some discussion in the literature. Using methods similar to the ones we described 
in chapter 10 , and building on the results of [ 22 ], we were able to prove for the hrst 
time [P3] that the anomalies do actually cancel locally, i.e. separately on each of the 
two hxed planes. In this chapter we will explain the detailed mechanism that leads to 
this local anomaly cancellation. 

The orbifold x 

Let the eleven-dimensional manifold Mu be the Riemannian product of ten-manifold 
(Mio, ( 7 ) and a circle with its standard metric. The coordinates on the circle are 
taken to be 0 G [—tt, tt] with the two endpoints identihed. In particular, the radius of 
the circle will be taken to be one. The equivalence classes in S'^/Z 2 are the pairs of 
points with coordinate (j) and —0, i.e. Z 2 acts as 0 —*• —<f>. This map has the hxed 
points 0 and vr, thus the space Mio x S^j' 1^2 contains two singular ten-dimensional 
spaces. In the simplest case we have Mio = which is why we call these spaces 
hxed planes. 
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12 The Horava-Witten Construction 


Before we proceed let us introduce some nomenclature. Working on the space 
Mio X S^, with an additional Z 2 -projection imposed, is called to work in the “upstairs” 
formalism. Equivalently, one might work on the manifold Miq x I = Miq x /1^2 with 
/ = [ 0 , 7 r]. This is referred to as the “downstairs” approach. It is quite intuitive to 
work downstairs on the interval but for calculational purposes it is more convenient to 
work on manifolds without boundary. Otherwise one would have to impose boundary 
conditions for the fields. Starting from supergravity on Mio x J it is easy to obtain the 
action in the upstairs formalism. One simply has to use //••• = | /51 • • •• 

Working upstairs one has to impose the Z 2 -projection by hand. By inspection of 
the topological term of eleven-dimensional supergravity (c.f. Eq. (9.3)) one finds that 
with /i, z/,.. . = 0,1,... 9, is Z 2 -odd, whereas is Z 2 -even. This implies that 
C^vp is projected out and C can be written as C = B A d(j). 

Following [22] we define for further convenience 


:= 6{(p)d(l) , 62 := S{(p — 7 r)(i 0 , 

ei(0) := sig(0) - - , 62 ( 0 ) := ei(0-7r) , 

TT 

which are well-dehned on and satisfy 

da = 25^-—. 

TT 


After regularization we get [22] ^ 

Anomalies of M-theory on M,o X SVZ 2 


( 12 . 1 ) 


( 12 . 2 ) 


(12.3) 


Next we need to study the held content of eleven-dimensional supergravity on the given 
orbifold, and analyse the corresponding anomalies. Compactifying eleven-dimensional 
supergravity on the circle leads to a set of (ten-dimensional) massless helds which are 
independent of the coordinate 0 and other (ten-dimensional) massive modes. Only the 
former can lead to anomalies in ten-dimensions. For instance, the eleven-dimensional 
Rarita-Schwinger held reduces to a sum of inhnitely many massive modes, and two 
massless ten-dimensional gravitinos of opposite chirality. On our orbifold we have to 
impose the Z 2 -projection on these helds. Only one of the two ten-dimensional graviti¬ 
nos is even under 0 —>■ —0, and the other one is projected out. Therefore, after the 
projection we are left with a chiral theory, which, in general, is anomalous. Note that 
we have not taken the radius of the compactihcation to zero, and there is a ten-plane 
for every point in /7^2- Therefore it is not clear a priori on which ten-dimensional 
plane the anomalies should occur. There are, however, two very special ten-planes, 
namely those hxed by the Z 2 -projection. It is therefore natural to assume that the 


^Of course 5ij is the usual Kronecker symbol, not to be confused with 5i. 
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anomalies should localise on these planes. Clearly, the entire setup is symmetric and 
the two hxed planes should carry the same anomaly. In the case in which the radius 
of reduces to zero we get the usual ten-dimensional anomaly of a massless grav- 
itino held. We conclude that in the case of hnite radius the anomaly which is situated 
on the ten-dimensional planes is given by exactly one half of the usual gravitational 
anomaly in ten dimensions. This result has hrst been derived in [83]. Since the Z 2 - 
projection gives a positive chirality spin-| held and a negative chirality spin-| held in 
the Minkowskian, (recall T-® = —T^), we are led to a negative chirality spin-| and 
a positive chirality spin-i held in the Euclidean. The anomaly polynomial of these 
so-called untwisted helds on a single hxed plane reads 


/ST"''"’ = } • (12.4) 

The second factor of ^ arises because the fermions are Majorana-Weyl. z = 1, 2 denotes 
the two planes, and Ri is the curvature two-form on the i-th plane. Igrav is obtained 
from of Eq. (9.32) by setting F = 0, and similarly for IgVaJ ■ 

So eleven-dimensional supergravity on Mio x S'^/Z 2 is anomalous and has to be 
modihed in order to be a consistent theory. An idea that has been very fruitful in 
string theory over the last years is to introduce new helds which live on the singu¬ 
larities of the space under consideration. Following this general tack we introduce 
massless modes living only on the hxed planes of our orbifold. These so-called twisted 
helds have to be ten-dimensional vector multiplets because the vector multiplet is the 
only ten-dimensional supermultiplet with all spins <1. In particular, the multiplets 
can be chosen in such a way that the gaugino helds have positive chirality (in the 
Minkowskian). Then they contribute to the pure and mixed gauge anomalies, as well 
as to the gravitational ones. The corresponding anomaly polynomial reads 


j (twisted) 


■j ("i^£’(«i) + I'RURi.Fi) + I<F%(F,) 


(12.5) 


where the minus sign comes from the fact that the gaugino helds have negative chirality 
in the Euclidean, n* is the dimension of the adjoint representation of the gauge group 
Gi- Adding all the pieces gives 


j(fields) 

h2{i) 


^(untwisted) j(twisted) 


1 [496 — 2?7,j fj —224 — 2nj . 2 320 — lOrij 

2(27r)56! [ 1008 * 768 * * 9216 

+ + ^(tiR-^y-TiFf^ - ^tiRfTiF* + TiFf , 


(tvR^r 

( 12 . 6 ) 


where now Tr denotes the adjoint trace. To derive this formula we made use of the 
general form of the anomaly polynomial as given in appendix E. The anomaly cancels 
only if several conditions are met. First of all it is not possible to cancel the tri?® term 
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by a Green-Schwarz type mechanism. Therefore, we get a restriction on the gauge 
group Gi, namely 

Ui = 248. (12.7) 

Then we are left with 


j{fields) 

h2ii) 


2(27r)56! 






+ —trRfTrFf 


16 


^(trRffTrF^ - + TrF® 


( 12 . 8 ) 


In order to cancel this remaining part of the anomaly we will apply a sort of Green- 
Schwarz mechanism. This is possible if and only if the anomaly polynomial factorizes 
into the product of a four-form and an eight-form. For this factorization to occur we 
need 




24 


-TrF^TrF^ 


1 

3^ 


(TrF^)^ . 


(12.9) 


There is exactly one non-Abelian Lie group with this property, which is the exceptional 
group Eg. Defining tr := ^rTr for Eg and making use of the identities 


TrF^ =: 

30 trF^ , 

(12.10) 

TrF^ = 

^ (TrF^)^ , 

(12.11) 

TrF® = 

^ (TrF^)^ , 

7200 ^ ^ ’ 

(12.12) 


which can be shown to hold for Eg, we can see that the anomaly factorizes, 

= -f (■'-«))" - A . (12.13) 

with 

, (12.14) 

and Xg as in (10.15). Xg is related to forms Xj and Xg via the usual descent mechanism 
Xg = dXj, 6Xj = dXg. 


The modified Bianchi identity 

So far we saw that M-theory on S'^/Z 2 is anomalous and we added new helds onto the 
fixed planes to cancel part of that anomaly. But now the theory has changed. It no 
longer is pure eleven-dimensional supergravity on a manifold with boundary, but we 
have to couple this theory to ten-dimensional super-Yang-Mills theory, with action 

SsYM = j trF^,F'^^ (12.15) 
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where A is an unknown coupling constant. The explicit coupling of these two theories 
was determined in [83]. The crucial result of this calculation is that the Bianchi identity, 
dG = 0, needs to be modihed. It reads^ 


dG = 



(12.16) 


Since <5* has support only on the fixed planes and is a one-form ~ d0, only the values 
of the smooth four-form on this fixed plane are relevant and only the components 
not including d0 do not vanish. The gauge part tiF^ always satishes these conditions 
but for the tiR^ term this is non-trivial. In the following a bar on a form will indicate 
that all components containing d0 are dropped and the argument is set to 0 = 0*. 
Then the modihed Bianchi identity reads 


dG = 7 5^<5iAJ4p) , (12.17) 

i 

where we introduced 

7:=-(4;r)"^. (12.18) 

Dehne the Chern-Simons form 

(tr(AlidAli + ^4^) - ^tr(flidO, + ’ (12.19) 

so that 

da)j = /4(j) . (12.20) 

Under a gauge and local Lorentz transformation with parameters and indepen¬ 
dent of 0 one has 

5ui = dul , ( 12 . 21 ) 

where 

:= l^trA^dAi - ^trA^dlli^ . (12.22) 

Making use of (12.2) we hnd that the Bianchi identity (12.17) is solved by 

G = dG - (1 - 6)7 ^ A cJj -h 67 X] “ ^7 X] ^ A cJj , (12.23) 

i i i 

where b is an undetermined (real) parameter. As G is a physical held it is taken to be 
gauge invariant, 6G = 0. Hence we get the transformation law of the G-held, 

6C = dBj - 7 ^ d, A 7 - 67 |d7 . (12-24) 

i i 

^This differs by a factor 2 from [83] which comes from the fact that our kh is the “downstairs” 
K. [83] use its “upstairs” version and the relation between the two is 2Kdownstairs = 2kii = Kupstairs- 
See [22] and [P3] for a careful discussion. 
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with some two-form B^. Recalling that is projected out, this equation can be 
solved, because C^jyp = 0 is only reasonable if we also have = 0. This gives 



{dBDp^p = Y'^didudp^p , 
i 

(12.25) 

which is solved by 


(12.26) 

So we choose 




% 

(12.27) 

and get 





(12.28) 


i 


Inflow terms and anomaly cancellation 


In the last sections we saw that introducing a vector supermultiplet cancels part of 
the gravitational anomaly that is present on the ten-dimensional hxed planes. Fur¬ 
thermore, the modifled Bianchi identity led to a very special transformation law for 
the C-fleld. In this section we show that this modifled transformation law allows us 
to cancel the remaining anomaly, leading to an anomaly free theory. We start from 
supergravity on Miq x I = Miq x and rewrite it in the upstairs formalism, 

= f CAdCAdC = --^[ CAdCAdC. (12.29) 

12^11 JMioxI JmioxS^ 

However, we no longer have G = dC* and thus it is no longer clear whether the correct 
topological term is CdCdC or rather CGG. It turns out that the correct term is 
the one which maintains the structure GdGdG everywhere except on the fixed planes. 
However, the held G has to be modifled to a field C, similarly to what we did in chapter 
10. To be concrete let us study the structure of G in more detail. It is given by 

G = d[c-F^7 ^ Ciihi I - 7 ^ A (hi =: dC - 7 ^ A (hi . (12.30) 

\ ^ i J i i 


That is we have G = dG except on the fixed planes where we get an additional 
contribution. Thus, in order to maintain the structure of the topological term almost 
everywhere we postulate [P3] it to read 


Stop — 


24 :kIi Jmioxs^ 

1 f 


JmioxS^ 


GAGAG 

C Add Add -2C Add -(12.31) 
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To see that this is reasonable let us calculate its variation under gauge transformations. 
From (12.28) we have 


5C = d 



-A ujI , 

i 


(12.32) 


and we find 


SStop = 


ry3jj2 

96k,Ii 


'Mioxfii 


^j^k + 2eiej5k)ujl A J4(j) A J4(fc) 





(12.33) 

where we used (12.3). This 6Stop is a sum of two terms, and each of them is localised on 
one of the hxed planes. The corresponding (Minkowskian) anomaly polynomial reads 

tr' = E =: E ‘mi ■ (12-34) 

i i 


If we choose 7 to be 




(12.35) 


and use (9.36) we see that this cancels the hrst part of the anomaly (12.13) through 
inflow. Note that this amounts to specifying a certain choice for the coupling constant 

A. 


This does not yet cancel the anomaly entirely. However, we have seen, that there 
is yet another term, which can be considered as a hrst M-theory correction to eleven¬ 
dimensional supergravity, namely the Green-Schwarz term^ 


Sgs 


(4vrK?i)i/3 


G A Xj = 


2(47rK2^)V3 


G A Xj 


(12.36) 


studied in [131], [48], [P3]. X^ is given in (10.15) and it satishes the descent equations 
X^ = dXj and 5 X 7 = dXg. Its variation gives the hnal contribution to our anomaly. 


SSgs = 


1 



7 



(12.37) 


where we integrated by parts and used the properties of the 5^. The corresponding 
(Minkowskian) anomaly polynomial is 


AGS) 

^12 


Y __ 

, 2(47rK2ji/3 


h{i) A Xg 


_. 'sp AGS) 
-■ 2^h2(i) ■ 


(12.38) 


^The reader might wonder why we use the form f G A Xy for the Green-Schwarz term, since we 
used f C A Xs in chapter 10, c.f. Eq. (10.19). However, first of all we noted already in chapter 10 
that f G A Xy would have led to the same results. Furthermore, on Mio x we have from (12.30) 
that J G A Xy = f C A Xg — j f iDi A Xy. But the latter term is a local counterterm that does not 
contribute to / 12 . 
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which cancels the second part of our anomaly provided 

7 = -(327rK2jV3 _ (12.39) 


Happily, the sign is consistent with our first condition (12.35) for anomaly cancellation 
and it selects b = 1. This value for b was suggested in [22] from general considerations 
unrelated to anomaly cancellation. Choosing 7 (and thus the corresponding value for 
A) as in (12.39) leads to a local cancellation of the anomalies. Indeed let us collect all 
the contributions to the anomaly of a single fixed plane, namely (12.13), (12.34) and 
(12.38) 


il 


(untwisted) 

12(7 


+ tl- 


(twisted) 

12(7 


il 


{top) 

12(7 


il 


{GS) 

12(7 


= 0 


(12.40) 


The prefactors of —i in the last two terms come from the fact that we calculated the 
variation of the Minkowskian action, which has to be translated to Euclidean space 
(c.f. Eq. 9.36). Note that the anomalies cancel separately on each of the two ten¬ 
dimensional planes. In other words, we once again find local anomaly cancellation. 



Chapter 13 
Conclusions 


We have seen that anomalies are a powerful tool to explore some of the phenomena of 
M-theory. The requirement of a cancellation of local gauge and gravitational anomalies 
imposes strong constraints on the theory, and allows us to understand its structure in 
more detail. In the context of higher dimensional field theories anomalies can cancel in 
two different ways. For instance, in the case of M-theory on the product of Minkowski 
space with a compact manifold, anomalies can be localised at various points in the 
internal space. The requirement of global anomaly cancellation then simply means 
that the sum of all these anomalies has to vanish. The much stronger concept of 
local anomaly cancellation, on the other hand, requires the anomaly to be cancelled 
on the very space where it is generated. We have seen that for M-theory on singular 
G 2 -manifolds and on Mio x /'L 2 anomalies do indeed cancel locally via a mechanism 
known as anomaly inflow. The main idea is that the classical action is not invariant 
under local gauge or Lorentz transformations, because of “defects” in the space on 
which it is formulated. Such a defect might be a (conical or orbifold) singularity 
or a boundary. Furthermore, we saw that the classical action had to be modified 
close to these defects. Only then does the variation of the action give the correct 
contributions to cancel the anomaly. These modifications of the action in the cases 
studied above are modelled after the similar methods that had been used in [60] to 
cancel the normal bundle anomaly of the M5-brane. Of course these modifications are 
rather ad hoc. Although the same method seems to work in many different cases the 
underlying physics has not yet been understood. One might for example ask how the 
smooth function p (c.f Eq. (10.3)) is generated in the context of G 2 -compactifications. 
Some progress in this direction has been made in [77], [24]. It would certainly be quite 
interesting to further explore these issues. 

There are no explicit examples of metrics of compact G 2 -manifolds with conical 
singularities and therefore the discussion above might seem quite academic. However, 
we were able to write down relatively simple metrics for a compact manifold with 
two conical singularities and weak G 2 -holonomy. Although the corresponding effective 
theory lives on AdS^ one expects that the entire mechanism of anomaly cancellation 
should be applicable to this case as well, see e.g. [5] for a discussion. Therefore, our 
explicit weak G 2 -metric might serve as a useful toy model for the full G 2 -case. 
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Appendix A 
Notation 


Our notation is as in [P4]. However, for the reader’s convenience we list the relevant 
details once again. 


A.l General notation 

The metric on flat space is given by 

r] := diag(-l,l,...l) . 
The anti-symmetric tensor is dehned as 

—012...d-l ._ 


(A.l) 


(A.2) 

(A.3) 


^012...d-l ^ 

'■= '/g ■ 

That is, we dehne ? to be the tensor density and e to be the tensor. We obtain 

' (A.4) 

(A.5) 

. . (A.6) 

(Anti-)Symmetrisation is dehned as, 

1 
n 
1 
U 


■ M\...MrPl...Pd-r 


eoi 2 ...d-i — ^/g — e |det e m\ , 

y/g 

[Ml...Mr] 


A 


[Ml...Ml) 


A 


[Ml...Ml] 


71 

TT 

^sig(7r)A 


(i) 




(A.7) 

(A.8) 


p-forms come with a factor of p\, e.g. 


to := —; 0 JMi...M„dz^^ A ... A 
pi 


(A.9) 
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A Notation 


The Hodge dual is defined as 

= p\{/-p)\ A...Adz^^ . (A.IO) 

A.2 Spinors 

A.2.1 Clifford algebras and their representation 

Definition A.l A Clifford algebra in d dimensions is defined as a set containing d 
elements T"^ which satisfy the relation 

{T^,T^} = 2p^^l . (A.ll) 

Under multiplication this set generates a finite group, denoted C^, with elements 

Cd = {± 1 , ±r"^, , ±r^i-A} ^ ('^.12) 

where ;= TI^^ ... T^^A The order of this group is 

ord(C'rf) = 2 ^ = 2 ■ 2 ^^ = 2 ^^+^ . (A.13) 

p=o 

Definition A. 2 Let G be a group. Then the conjugacy class [a] of a G G is defined 
as 

H := {gag~^\g E G}. (A.14) 

Proposition A. 3 Let G be a finite dimensional group. Then the number of its irre¬ 
ducible representations eguals the number of its conjugacy classes. 

Definition A.4 Let G be a finite group. Then the commutator group Com(G) of G 
is defined as 

Com(G) := {ghg~^h~^\g,h E G} . (A.15) 

Proposition A.5 Let G be a finite group. Then the number of ineguivalent one¬ 
dimensional representations is egual to the order of G divided by the order of the 
commutator group of G. 

Proposition A. 6 Let G be a finite group with ineguivalent irreducible representations 
of dimension Up, where p labels the representation. Then we have 

ord(G) = • (A.16) 

p 

Proposition A. 7 Every class of eguivalent representations of a finite group G con¬ 
tains a unitary representation. 

For the unitary choice we get = 1. From (A.ll) we infer (in Minkowski space) 

F°^ = —F° and (F"^)l = F"^ for A 7 ^ 0. This can be rewritten as 

pAt ^ pOpApO _ 
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Clifford algebras in even dimensions 

Theorem A.8 For d = 2k + 2 even the group Cd has 2^ + 1 inequivalent representa¬ 
tions. Of these 2^ are one-dimensional and the remaining representation has (complex) 
dimension 2^ = 2^+^. 

This can be proved by noting that for even d the conjugacy classes of Cd are given by 

hence the number of inequivalent irreducible representations of Cd is 2'^ + 1. The 
commutator of Cd is Com(C'rf) = {±1} and we conclude that the number of inequivalent 
one-dimensional representations of Cd is 2'^. From (A. 16) we read off that the dimension 
of the remaining representation has to be 22 . 

Having found irreducible representations of Cd we turn to the question whether we 
also found representations of the Clifford algebra. In fact, for elements of the Clifford 
algebra we do not only need the group multiplication, but the addition of two elements 
must be well-defined as well, in order to make sense of (A. 11). It turns out that the 
one-dimensional representation of Cd do not extend to representations of the Clifford 
algebra, as they do not obey the rules for addition and subtraction. Hence, we found 
that for d even there is a unique class of irreducible representations of the Clifford 
algebra of dimension 22 = 2^+^. 


Given an irreducible representation {T"^} of a Clifford algebra, it is clear that 
±{r^ } and form irreducible representations as well. As there is a unique 

class of representations in even dimensions, these have to be related by similarity 
transformations. 


= ±{C±)-^T^C± . 


(A.18) 


The matrices C± are known as charge conjugation matrices. Iterating this definition 
gives conditions for C±, 

(H±)-i = , (A.19) 

C± = c±C±" , (A.20) 


with b± real, c± G {±1} and C± symmetric or anti-symmetric. 


Clifford algebras in odd dimensions 

Theorem A.9 Ford = 2k-\-3 odd the group Cd has 2'^-|-2 inequivalent representations. 
Of these 2'^ are one-dimensional^ and the remaining two representation have (complex) 
dimension 2^“ = 2^^^. 

^As above these will not be considered any longer as they are representations of Cd but not of the 
Clifford algebra. 
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A Notation 


As above we note that for odd d the conjugacy classes of Cd are given by 

{1+1], 1-1], ir-’]. |r*^“]. .... [-r-’--'-]} 

and the number of inequivalent irreducible representations of Cd is 2 '^+ 2 . Again we hnd 
the commutator Com(Cd) = {±1}, hence, the number of inequivalent one-dimensional 
representations of Cd is 2^. Now dehne the matrix 

r'^ := (A. 21 ) 

which commutes with all elements of Cd- By Schur’s lemma this must be a multiple of 
the identity, = a“^l, with some constant a. Multiplying by F'^”^ we hnd 

= aF°F^... F'^-^ . (A. 22 ) 

Furthermore, (F°F^... = —(—1)^+^. As we know from (A.11) that = -|-1 

we conclude that a = ±1 for d = 3 (mod 4) and a = ±i for d = 5 (mod 4). The ma¬ 
trices {F°, F^,..., F'^“^} generate an even-dimensional Clifford algebra the dimension 
of which has been determined to be 2^^^. Therefore, the two inequivalent irreducible 
representations of Cd for odd d must coincide with this irreducible representation when 
restricted to Cd-i- We conclude that the two irreducible representations for Cd and odd 
d are generated by the unique irreducible representation for {F°, F^, F'^“^}, together 
with the matrix F'^“^ = aF°F^... F'^“^. The two possible choices of a correspond to 
the two inequivalent representations. The dimension of these representation is 

A.2.2 Dirac, Weyl and Majorana spinors 

Dirac spinors 

Let (M, g) be an oriented pseudo-Riemannian manifold of dimension d, which is iden- 
tihed with d-dimensional space-time, and let {F"^} be a d-dimensional Clifford algebra. 
The metric and orientation induce a unique SO{d — 1, l)-structure^ P on M. A spin 
structure (T*, tt) on M is a principal bundle P over M with hbre Spin(d — 1,1), to¬ 
gether with a map of bundles tt : P ^ P. Spin(d —1,1) is the universal covering 
group of SO{d — 1,1). Spin structures do not exist on every manifold. An oriented 
pseudo-Riemannian manifold M admits a spin structure if and only if W 2 {M) = 0, 
where W 2 {M) G is the second Stiefel-Whitney class of M. In that case we 

call M a spin manifold. 

Dehne the anti-Hermitian generators 

J.AB IpAB ^ i[F^,F^] . (A.23) 

^Let M be a manifold of dimension d, and F the frame bundle over M. Then 1" is a principle 
bundle over M with structure group GL(d, R). A G-structure on M is a principle subbundle P oi F 
with fibre G. 
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Then the form a representation of so{d — 1,1), the Lie algebra of SO{d —1,1), 

pAB, ^ _^ACgBD ^ j^ADgBC ^ ^AD _ J^BD^AC _ 

In fact, are generators of Spin((i—1,1). Take A'^ to be the natural representation of 
Spin((i—1,1). We define the (complex) spin bundle S —>■ M to be^ S := Pxspin(rf_i_i)A‘^. 
Then S' is a complex vector bundle over M, with fibre of dimension A 

Dirac spinor ip is defined as a section of the spin bundle S. Under a local Lorentz 
transformation with infinitesimal parameter aAB = ~(Aba a Dirac spinor transforms 
as 

'll}' ='tp + dtp = i> - . (A.25) 

The Dirac conjugate ip of the spinor pj is dehned as 

(p := ipj^T° . (A.26) 

With this dehnition we have 5{%pr}) = 0 and ipip is Hermitian, {'tp'ipY = tpip. 


Weyl spinors 

In d = 2fc + 2-dimensionaI space-time we can construct the matrix"^ 


Trf+i := , 

(A.27) 

which satisfies 

(r.+i)^ = 1, 

(A.28) 

{r,+r,r^} = 0, 

(A.29) 

= 0. 

(A.30) 

Then, we can define the chirality projectors 

Pl = P-■—-^d+i) , Pr = P+-(1 + Lrf+i) , 

(A.31) 


satisfying 


Pl + Pr 

p2 

^L,R 

PlPr 


2 ) is the fibre bundle which is associated to the principal bundle P in a natural way. 
Details of this construction can be found in any textbook on differential geometry, see for example 
[109], 

“^This definition of the F-matrix in Minkowski space agrees with the one of [117]. Sometimes 
it is useful to define a Minkowskian F-matrix as F = AT°...F'^“^ as in [P3]. Obviously the two 
conventions agree in 2, 6 and 10 dimensions and differ by a sign in dimensions 4 and 8. 


1 , 

Pl,r , 

PrPl = 0 , 

0 . 


(A.32) 




148 


A Notation 


A Weyl spinor in even-dimensional spaces is defined as a spinor satisfying the Weyl 
condition, 

PL,R'tp = '4^ ■ (A.33) 

Note that this condition is Lorentz invariant, as the projection operators commute 
with Spinors satisfying Pl^^l = ^’l are called left-handed Weyl spinors and those 
satisfying Pr^Jr = i/jr are called right-handed. The Weyl condition reduces the number 
of complex components of a spinor to 2^. 

Obviously, under the projections Pl,r the space splits into a direct sum = 
A^|_ © Al and the spin bundle is given by the Whitney sum S' = 5+ © S'-. Left- and 
right-handed Weyl spinors are sections of S- and S'+, respectively. 


Major ana spinors 

In (A. 18) we dehned the matrices B± and C±. We now want to explore these matrices 
in more detail. For d = 2fc + 2 we dehne Majorana spinors as those spinors that satisfy 


= B+r, 

and pseudo-Majorana spinors as those satisfying 

(A.34) 

= B_ip* . 

(A.35) 


As in the case of the Weyl conditions, these conditions reduce the number of compo¬ 
nents of a spinor by one half. The dehnitions imply 


BIB+ = 1 , 
B*_B^ = 1 , 


(A.36) 


which in turn would give 6+ = 1 and = 1. These are non-trivial conditions since B± 
is hxed by its dehnition (A. 18). The existence of (pseudo-) Majorana spinors relies on 
the possibility to construct matrices or i?_ which satisfy (A.36). It turns out that 
Majorana conditions can be imposed in 2 and 4 (mod 8) dimensions. Pseudo-Majorana 
conditions are possible in 2 and 8 (mod 8) dimensions. 

Finally, we state that in odd dimensions Majorana spinors can be dehned in di¬ 
mensions 3 (mod 8) and pseudo-Majorana in dimension 1 (mod 8) 


Major ana-Weyl spinors 

For d = 2k -\- 2 dimensions one might try to impose both the Majorana (or pseudo- 
Majorana) and the Weyl condition. This certainly leads to spinors with 2^“^ compo¬ 
nents. From (A.27) we get (F^+i)* = {—l)^Bg^Tfi+iB± and therefore for d = 2 (mod 

4 ) 

Pl,R = BZ^Pl,rB± , (A.37) 

Pl,R = BZ^PR,LBi . (A.38) 


and for d = 4 (mod 4) 
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But this implies that imposing both the Majorana and the Weyl condition is consistent 
only in dimensions d = 2 (mod 4), as we get 

Bi{PL,Ri^r = PL,RB±r , 


for d = 2 (mod 4), but 

B±{PL,Ri}r = PR,LB±r (A.39) 

for d = 4 (mod 4). We see that in the latter case the operator B± is a map between 
states of different chirality, which is inconsistent with the Weyl condition. As the 
Majorana condition can be imposed only in dimensions 2, 4 and 8 (mod 8) we conclude 
that (pseudo-) Majorana-Weyl spinors can only exist in dimensions 2 (mod 8). 

We summarize the results on spinors in various dimensions in the following table. 


d 

Dirac 

Weyl 

Majorana 

Pseudo-Majorana 

Ma j orana-Weyl 

2 

4 

2 

2 

2 

1 

3 

4 


2 



4 

8 

4 

4 



5 

8 





6 

16 

8 




7 

16 





8 

32 

16 


16 


9 

32 



16 


10 

64 

32 

32 

32 

16 

11 

64 


32 



12 

128 

64 

64 




The numbers indicate the real dimension of a spinor, whenever it exists. 


A .3 Gauge theory 

Gauge theories are formulated on principal bundles P —»■ M on a base space M with 
fibre G known as the gauge group. Any group element g of the connected component 
of G that contains the unit element can be written as g := e^, with A := AqTq and Ta 
basis vectors of the Lie algebra g := Lie{G). We always take Ta to be anti-Hermitian, 
s.t. Ta =: —ita with ta Hermitian. The elements of a Lie algebra satisfy commutation 
relations 

= (A.40) 

with the real valued structure coefficients 

Of course, the group G can come in various representations. The adjoint represen¬ 
tation 

^rj^Ad'^b __ 


ca 


(A.41) 
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A Notation 


is particularly important. Suppose a connection is given on the principal bundle. This 
induces a local Lie algebra valued connection form A = AaTa and the corresponding 
local form of the curvature, F = FaTa- These forms are related by^ 

F := dA + - [A, A] , 

Ffj.u = d^Ay — dyA^ + , (A.42) 

= d,Al-d^Al + C\,AlAl. 

In going from one chart to another they transform as 

A^-.= g-\A + d)g , F^ := dA^+ ]^[A^, A^] = g'^Fg . (A.43) 

For g = with e infinitesimal we get A^ = A + De. 

For any object on the manifold which transforms under some representation T (with 
T anti-Hermitian) of the gauge group G we dehne a gauge covariant derivative 


D d A , A AaTa ■ 

(A.44) 

When acting on Lie algebra valued helds the covariant derivative 
D := d [A, ]. 

We have the general operator formula 

is understood to be 

DD(/) = F(t) , 

(A.45) 

which reads in components 

[Dm, T*v]0 = Fmn4> ■ 

Finally, we note that the curvature satishes the Bianchi identity. 

(A.46) 

DF = 0 . 

(A.47) 


A .4 Curvature 

Usually general relativity on a manifold M of dimension d is formulated in a way which 
makes the invariance under diffeomorphisms, Diff{M), manifest. Its basic objects are 
tensors which transform covariantly under GL{d, M). However, since GL{d, M) does not 
admit a spinor representation, the theory has to be reformulated if we want to couple 
spinors to a gravitational held. This is done by choosing an orthonormal basis in 
the tangent space TM, which is different from the one induced by the coordinate 
system. From that procedure we get an additional local Lorentz invariance of the 
theory. As SO{d —1,1) does have a spinor representation we can couple spinors to 
this reformulated theory. 

®The commutator of Lie algebra valued forms A and B is understood to be [A, B] := 
[Am, Bn] dz^ A dz^. 
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At a point x on a pseudo-Riemannian manifold (M, g) we define the vielbeins eA{x) 
as 

eA{x) := eA^{x)dM , (A.48) 

with coefficients e^^(x) such that the {ca} are orthogonal, 

g(eA, es) = gMN = Vab ■ (A.49) 

Dehne the inverse coefficients via = 5® and = 6^, which gives 

9 mn{.x) = gAB^^N^^)- The dual basis {e^} is dehned as, := j^dz^. The 
commutator of two vielbeins dehnes the anholonomy coefficients ^ab ^i 

[e^, Ob] := eB^^jsi] = *^ec , (A.50) 

and from the dehnition of ca one can read off 

^AB^i.^) = e^7v[eA^('9iceB^) - {dKe^^fix) . (A.51) 

When acting on tensors expressed in the orthogonal basis, the covariant derivative 
has to be rewritten using the spin connection coefficients ojj^^ 

■— ^mVcdC + ^aRe^cd.’.’.’ + • • • — ^ivR c^ED■ (A.52) 

The object V'^ is called the spin connection^. Its action can be extended to objects 
transforming under an arbitrary representation of the Lorentz group. Take a held f 
which transforms as 

<50* = —SABiT^^jf^ (A.53) 

under the inhnitesimal Lorentz transformation A"^^(a:) = ^ 

with the vector representation = {rj^^5 b df). Then its covariant deriva¬ 

tive is dehned as 

:= 9^0' + \u:MAB{T^^r. (A.54) 

We see that the spin connection coefhcients can be interpreted as the gauge held 
corresponding to local Lorentz invariance. Commuting two covariant derivatives gives 
the general formula 

[Vi^, V^]0 = ]^RmnabT^^4> . (A.55) 

In particular we can construct a connection on the spin bundle S of M. As we know 
that for f G C°°{S) the transformation law reads (with as dehned in (A.24)) 

<50 = -^eAi?S^^0 , (A.56) 

we hnd 

vf^0 = (9 m 0 + ^a;MABS^^0 = 0M0 + -o;MAsr^^0 . (A.57) 


^Physicists usually use the term ’’spin connection” for the connection coefficients. 
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A Notation 


If we commute two spin connections acting on spin bundles we get 

[Vir, (A.58) 

where R is the curvature corresponding to a;, i.e. R^^ 


In the vielbein formalism the property VgMN = 0 translates to 

= 0 • (A.59) 

In the absence of torsion this gives the dependence of ojmab on the vielbeins. It can 
be expressed most conveniently using the anholonomy coefficients 

^MAb{&) = -^{—^MAB + ^ABM — ^BMa) ■ (A.60) 

If torsion does not vanish one hnds 


^MAB — ^MAB{e) + KmAB , (A.61) 

where kmab is the contorsion tensor. It is related to the torsion tensor T by 


where 


and 


f^MAB — RmN^^AL^b 


(A.62) 

:= ^dz^ one can 

derive the Maurer-Cartan structure equations, 

de^ + A 

, dui^B + ^ B = B y 

(A.63) 

= l^^MNdz^ A dz^ 

, R^b = ^R'^BMNdz^ ^ dz^ y 

(A.64) 

q-A _ A rjiP 

^ MN — a pj- mN ; 

1 -O' BMN — ^ Q^B -O' PMN ■ 

(A.65) 


These equations tell us that the curvature corresponding to V and the one correspond¬ 
ing to are basically the same. The Maurer-Cartan structure equations can be 
rewritten as 


T = De , R = Duj , (A.66) 

where D = d + uj. T and R satisfy the Bianchi identities 

DT = Re , DR = 0 . (A.67) 

The Ricci tensor TZmn and the Ricci scalar 71 are given by 

R-mn ■= RmpnqQ^^ tR '■= RmnQ^^ ■ (A.68) 

Finally, we note that general relativity is a gauge theory in the sense of appendix 
A.3. If we take the induced basis as a basis for the tangent bundle the relevant group 
is GL((i, M). If on the other hand we use the vielbein formalism the gauge group is 
SO{d — 1,1). The gauge helds are T and a;, respectively. The curvature of these 
one-forms is the Riemann curvature tensor and the curvature two-form, respectively. 
However, general relativity is a very special gauge theory, as its connection coefficients 
can be constructed from another basic object on the manifold, namely the metric tensor 
qmn or the vielbein 



Appendix B 

Some Mathematical Background 

B.l Useful facts from complex geometry 

Let A be a complex manifold and define A^’^(A) := (g) A^((T‘^°’^^A)*). 

Then we have the decomposition 

k 

A\T*X) ® C = 0 A^'’^-^(A) . (B.l) 

j=0 

AP>'?(x) gj-Q complex vector bnndles, bnt in general they are not holomorphic vector 
bundles. One can show that the only holomorphic vector bundles are those with q = 0, 
i.e. A°’°(A), A^’°(A), ... A™'’°(A), where m := dimcA, [85]. Let s be a smooth section 
of AP’‘’(A) on A. s is a holomorphic section if and only if 

ds = 0 . (B.2) 

Such a holomorphic section is called a holomorphic p-form. Thus, the Dolbeault group 
is the vector space of holomorphic p-forms on A. 


Definition B.l Let A be a complex three manifold and p G A. The small resolution 
of X in p is given by the pair (A, vr) dehned s.t. 

TT : A ^ A 

TT : A\7r“^(p) —A\{p} is one to one. (B.3) 

7r-\p) ^ 

The moduli space of complex structures 

Proposition B.2 The tangent space of the moduli space of complex structures Xics 
of a complex manifold X is isomorphic to Hl(TX). 
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B Some Mathematical Background 


Loosely speaking, the complex structure on a manifold X with coordinates z^, z* tells 
us which functions are holomorphic, df{z,z) = 0. Changing the complex structure 
therefore amounts to changing the operator d := dz'^dfi. Consider 

:=d + A (B.4) 

where A := A^di = A^dz* and A is a one-form. Then linearizing [B S- A^ = 0 
gives BA = 0. On the other hand a change of coordinates {z,z) {w,w) with 

z^ = w'^ + v'^iuA), zl = w* leads to 

B ^ B' = B + {Bv'')Bi. (B.5) 

This means that those transformations of the operator B that are exact, i.e. A^ = Bv^, 
can be undone by a coordinate transformations. For A closed but not exact on the 
other hand, one changes the complex structure of the manifold. The corresponding A 
he in Hl{TX) which was to be shown. 


B.2 The theory of divisors 


The concept of a divisor is a quite general and powerful tool in algebraic geometry. 
We will only be interested in divisors of forms and functions on compact Riemann 
surfaces. Indeed, the theory of divisors is quite convenient to keep track of the position 
and degree of zeros and poles on a Riemann surface. The general concept is defined in 
[71], we follow the exposition of [55]. 

Let then S be a compact Riemann surface of genus g. 


Definition B.3 A divisor on S is a formal symbol 


A 


Ff 1 ...Pf 




(B.6) 


with Pj G Tj and aj G Z. 

This can be rewritten as 

A=YI , (B.7) 

pgs 

with a{P) G Z and ct{P) ^ 0 for only finitely many F G E. The divisors on S form a 
group, Div(E), if we dehne the multiplication of A with 


B=n ) 

Pes 

by 

AB := n 

pgs 


(B.8) 


(B.9) 


A-^= n 

PgS 


The inverse of A is given by 


(B.IO) 
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Quite interestingly, there is a map from the set of non-zero meromorphic function 
/ on S to Div(S), given by 


/«(/)^=n . (B.ll) 

pgs 

Furthermore, we can define the divisor of poles, 



f~^{oo) := pmax{-ordp/,0} 

(B.12) 


PGS 


and the divisor of zeros 

■= pmax{ordp/,0} 

(B.13) 


PGS 


Clearly, 

/-Hoo) 

(B.14) 


Let a; be a non-zero meromorphic p-form on S. Then one defines its divisor as 


(cu) := Yl • (B.15) 

pgs 


Divisors on hyperelliptic Riemann surfaces 

Let E be a hyperelliptic Riemann surface of genus g, and Pi,... P 2 g +2 points in S. Let 
further z : T —>■ C he a. function on S, s.t. z{Pj) 7 ^ 00 . Consider the following function 
on the Riemann surface,^ 

2g+2 


y = 




n (^ - z{Pj)). 

i=i 


(B.16) 


If Q, Q' are those points on S for which z{Q) = z{Q') = 00 , i.e. QQ' = z ^( 00 ) is the 
polar divisor of z, then the divisor of y is given by 


^ P2g+2 


(B.17) 


To see this one has to introduce local coordinate patches around points F G S. If F 
does not coincide with one of the Pi or Q,Q' local coordinates are simply z — z{P). 
Around the points Q,Q' we have the local coordinate 1 /z, and finally around the Pi 
one has z — z{Pi). 

Let R, R' be those points on S for which z{R) = z{R') = 0, i.e. RR' = ^“^(0) is 
the divisor of zeros of z. The divisors for z reads 


.^-1(0) _ RR' 
2 ;-i(cx)) QQ' 


^One can show that for two points P 7 ^ P on S for which z{P) = z{P) one has y{P) 
These two branches of y are denoted ?/o and yi = —yo in the main text. 


(B.18) 

-yin 
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Furthermore, it is not hard to see that 


(dz) 


Pi ■ ■ ■ P2g+2 


(B.19) 


By simply multiplying the corresponding divisors it is then easy to see that the forms 
are holomorphic for k < g. 


B.3 Relative homology and relative cohomology 

A hrst introduction to algebraic topology can be found in [109], for a more compre¬ 
hensive treatment of this beautiful subject see for example [125]. We only present 
the dehnition of relative (co-)homology, a concept that is important in a variety of 
problems in string theory. For example it appears naturally if one studies world-sheet 
instantons in the presence of D-branes, since then the world-sheet can wrap around 
relative cycles ending on the branes. 


B.3.1 Relative homology 

Let X be a triangulable manifold, Y a triangulable submanifold of X and i : Y ^ X 
its embedding. Consider chain complexes C(X;Z) := (Cj(X;Z),5) and C(Y-,Z) := 
{Cj{Y ; Z), 5) on X and Y . For the pair (X, Y) we can dehne relative chain groups by 

Q(X, F; Z) := Q(X; Z)/Q(F; Z) . (B.20) 

This means that elements of (^^(X, F;Z) are equivalence classes {c} := c + Cj{Y]'L) 
and two chains c, c' in Cj{X] Z) are in the same equivalence class if they differ only by 
an element cq of Cj{Y ; Z), h = c -f cq. The relative boundary operator 

a : Cj(X,F;Z) ^ C'^_i(X,F;Z) (B.21) 

is induced by the usual boundary operator on X and Y . Indeed, two representatives c 
and c' = c + Cq oi the same equivalence class get mapped to dc and dd, which satisfy 
dd = dc + dcQ, and since dcQ is an element of Cj_i(F;Z) their images represent the 
same equivalence class in Cj_i(X, F; Z). 

Very importantly, the property d^ = 0 on C(X;Z) and C(F;Z) implies d^ = 
0 for the (^^(X, F;Z). All this dehnes the relative chain complex (^(X, F;Z) := 
(Cj(X, F; Z), 5). It is natural to dehne the relative homology as 


Hj{X, F; Z) := Zj{X, F; 'L)/Bj{X, F; Z) , (B.22) 

where Fj(X,F;Z) := ker(a) := {{c} G Cj{X,Y;Z) : d{c} = 0} and 5^(X,F;Z) := 
Im(a) := {{c} e Q(X, F; Z) : {c} = ^{c} with {c} G Q+i(X, F; Z)} = dCj+i{X, F; Z). 
Elements of ker(5) are called relative cycles and elements of Im(5) are called relative 
boundaries. Note that the requirement that the class {c} has no boundary, d{c} = 0, 
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or more precisely d{c} = {0}, does not necessarily mean that its representative has no 
boundary. It rather means that it may have a boundary but this boundary is forced to 
he in Y. Note further that an element in Hj{X, h"; Z) is an equivalence class of equiv¬ 
alence classes and we will denote it by [{c}] := {c} -|- Bj{X, F; Z) for c G Cj{X;Z) s.t. 
dc C Y. 

We have the short exact sequence of chain complexes 

0 ^ C{Y; Z) 4 C{X; Z) 4 C{X, F; Z) ^ 0 (B.23) 

where i : Cj(F;Z) —> Cj{X]X) is the obvious inclusion map and p : Cj{X]'L) — »■ 
F;Z) is the projection onto the equivalence class, p(c) = {c}. Note that p is 
surjective, i is injective and p o i = {0}, which proves exactness. Every short exact 
sequence of chain complexes comes with a long exact sequence of homology groups. In 
our case 


... -^ Hj+i{X, F; Z) 4 Hj{Y; Z) 4 Hj{X; Z) 4 Hj{X, F; Z) 4 Hj_i{Y; Z) ^ ... , 

(B.24) 

Here F and p* are the homomorphisms induced from i and p in the obvious way, 
for example let [c] G Hj{X]7j) with c G Zj{X-,Z) C Cj{X;Z) then p*([c]) := [p(c)]. 
Note that p{c) G Zj(X,Y;Z) and [p{c)] = p{c) + Bj{X,Y;Z). The operator 5* : 
Hj{X,Y]Z) —>• Hj{Y]Z) is defined as [{c}] i—>• [F^(5(p“^({c})))] = [dc]. Here we used 
the fact that dc has to lie in F. The symbol [■] denotes both equivalence classes in 
Hj{X-,Z) and Hj{Y-,Z). 


B.3.2 Relative cohomology 

Define the space of relative cohomology Hl{X, F; C) to be the dual space of Hj{X, F; Z), 
Hl{X,Y;C) := Hom(i7^(X, F; C), C), and similarly for Hl{X;C), i7^'(F;C). The 
short exact sequence (B.23) comes with a dual exact sequence 

0 Hom(C'(X, F; Z), C) 4 Hom(C'(X; Z), C) 4 Hom(C'(F; Z), C) ^ 0 . (B.25) 

Here we need the definition of the dual homomorphism for a general chain mapping^ 
/ : C{X; Z) ^ C(F; Z). Let 0 G Hom(C(F; Z), C), then /(0) := 0 o /. 

The corresponding long exact sequence reads 

... ^ w-\x-, c) 4 w-\Y-, c) 4 w{x, F; c) 4 w{x-, c) 4 h^{y-, c) ^ ... , 

(B.26) 

where i* := i*, p* := p^. For example let [0] G Hl{X;C). Then i*([0]) = **([©]) = 
[i(0)]. d* acts on [9] G Hl~^{Y;C) as d*([6']) := [p“^(d(F^(6')))], and d := 0 is the 
coboundary operator. 

^ A chain mapping / : C{X-,1j) —> C(Y;Z) is a family of homomorphisms fj : Cj (AT; Z) ^ Cj {Y ; Z) 
which satisfy d o fj = fj_i o d. 
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B Some Mathematical Background 


So far we started from simplicial complexes, introduced homology groups on trian- 
gulable spaces and defined the cohomology groups as their duals. On the other hand, 
there is a natural set of cohomology spaces on a differential manifold, very familiar to 
physicist, namely the de Rham cohomology groups. In fact, they encode exactly the 
same topological information, as we have for any triangulable differential manifold X 
that 

C) = c) . (B.27) 

So we can interpret the spaces appearing in the long exact sequence (B.26) as de 
Rham groups, and the maps i* and p* are the pullbacks corresponding to i and p. 
Furthermore, the coboundary operator d = 5 is nothing but the exterior derivative. 

In fact, on a differentiable manifold X with a closed submanifold Y the relative 
cohomology groups H^{X, Y ; C) can be dehned from forms on X [88]. Let Q^{X, Y ; C) 
be the j-forms on X that vanish on Y, i.e. 

Q^{X, F; C) := ker(n^(X; C) 4 (B.28) 

where i* is the pullback corresponding to the inclusion i : Y —> X. Then it is natural 
to dehne 

Z^{X,Y-C) ■= {0 e fi^(X,F;C) : de = 0} , 

B^{X, Y; C) := {0 G F; C) : 0 = dr/ for p G F; C)} , (B.29) 

W{X,Y-C) := Z\X,Y-C)/B^{X,Y-C) . 

As for the cohomology spaces we have 

hLr^Jx, y; C) = y; c). (b.so) 

There is a pairing 

(.,.): Hj{X, F; Z) x H\X, F; C) ^ C (B.31) 

for [T] G Hj{X,Y-Z) and [0] G W{X,Y;C), dehned as 

{|r|,|e]>:=^e. (B. 32 ) 

Of course, this pairing is independent of the chosen representative in the two equiv¬ 
alence classes. For F' := F + (9F -I- Fq with Fq C F this follows immediately from 
the fact that 0 is closed and vanishes on F. For 0' := 0 + dA this follows from 
Jp dA = Jgp A = 0, as A vanishes on F. 

This dehnition can be extended to the space of forms 

Q\X, F; C) := {0 G 12^'(X; C) : i*Q = d0} . (B.33) 

Then one hrst dehnes the space of equivalence classes 

Q^{X, F; C) := Q^{X, F; C)/df2^-^(X; C) . 


(B.34) 
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which is clearly isomorphic to Note that an element of this space is an 

equivalence class {0} ;= 0 + C). Then one continues as before, namely one 

defines 

P(X,Y;C) := {{0} e : d{0} = 0} , 

B^X, Y; C) := {{0} G Q^X, Y; C) : {0} = d{r]} for {r]} G n^-\X, Y; C)} , 
H^{X,Y;C) := X(X,Y-C)/B^(X,Y;C) . (B.35) 

Obviously, H^{X,Y-,C) = H^{X,Y-,C). Element of H^{X,Y-,C) are equivalence 
classes of equivalence classes and we denote them by [{0}]- The natural pairing in this 
case is given by 

(.,.) : Hj{X,Y;Z) X H\X,Y;C) 

(in.lWl) " (|r|,l{e}]):=^e-^d« ifre = d», 

which again is independent of the representative. 

The group H^{X,Y]C) can be characterised in yet another way. Note that a 
representative 0 of Z{X,Y]C) has to be closed d0 = 0 and it must pull back to an 
exact form on Y, i*Q = dO. This motives us to define an exterior derivative 


d : C) X n^-\Y; C) ^ n^+\X; C) X n^{Y; C) 

(0,0) ^ d(0,0) := (d0,f0-d0) . 

It is easy to check that d^ = 0. If we define 

Z{X, Y- C) := {(0, 6) G Q^{X- C) X Q^-\Y- C) : d(0, 0) = 0} 

we find 

Z{X,Y;C) ^ Z{X,Y;C) . 

Note further that B^ {X,Y;C) = B^{X;C), so we require that the representative 0 
and 0 + dA are equivalent. But i*(0 + dA) = d(0 + i*A) so 0 has to be equivalent to 
0 + i*A. This can be captured by 

(0,0)~(0,0) + d(A,A) , (B.40) 

and with 

}3{X, Y; C) := {d(A, A) : (A, A) G C) x C)} (B.41) 

we have 

H{X, Y; C) ^ Z{X, Y; C)/B{X, Y; C) . (B.42) 


(B.37) 

(B.38) 

(B.39) 


B.4 Index theorems 

It turns out that anomalies are closely related to the index of differential operators. 
A famous theorem found by Atiyah and Singer tells us how to determine the index 
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of these operators from topological quantities. In this section we collect important 
index theory results which are needed to calculate the anomalies. [109] gives a rather 
elementary introduction to index theorems. Their relation to anomalies is explained 
in [11] and [12]. 

Theorem B.4 (0\tiyah-Singer index theorem^ 

Let M he a manifold of even dimension, d = 2n, G a Lie group, P{M, G) the principal 
bundle of G over M and let E the associated vector bundle with k := dim(£'). Let A he 
the gauge potential corresponding to a connection on E and let S± be the positive and 
negative chirality part of the spin bundle. Define the Dirac operators D± : S± E —>■ 
Szf ^ E by 

;= (^du + \u;mabT^^ + Am^ P± . (B.43) 

Then ind(Zl 4 .) with 


ind(il+) := dim(kerZl+) — dim(kerZl_) (B.44) 


is given by 


md{D^) 

A{M) 

ch(F) 


[ [di{E)A{M)U , 

J M 

TT ^j/2 

sinh(xj/2) ’ 

fiP 
tr exp — 

^ \271 



The Xj are dehned as 


p{E) := det 



[n/2] 

(1 + Xj) = 1 + Pi + P2 + • • • , 

i=i 


(B.45) 

(B.46) 

(B.47) 


(B.48) 


where p{E) is the total Pontrjagin class of the bundle E. The xj are nothing but the 
skew eigenvalues of R/2ti, 


/ 0 xi 0 0 ... \ 

—Xi 0 0 0 ... 

0 0 0 X2 ■. ■ 

0 0 —X2 0 



/ 


(B.49) 


A{M) is known as the Dirac genus and ch(F) is the total Chern character. The sub¬ 
script vol means that one has to extract the form whose degree equals the dimension 
of M. 
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To read off the volume form both A(M) and ch(F) need to be expanded. We get 

[11], [12] 


i(M) = 1 + ^ 


(47r)2 12 


(dvr) 


(tri?2)2 + ^tri?^ 

^ ^ 360 


+ 


(Itt)® 

1 


(tri?2)3 + .^tiRhrR^ + 


+ 


1 


10368 
1 


4320 


5670 


-tiR^ 


(trR 


, 2\4 


68040 


497664 

trRHrR^ + 


103680 

:) 4\2 


(tlRYtTR^R 


-(tri?"^)^ H-tri?® 

259200^ ^ 75600 


42 


/ %F \ X 6 

ch(F) := trexp(-j=fc + -trf+^ 


IrF^ + ... + 


+ ... 

R 

s!(27r)' 


(B.50) 


■trF" + ... . 


(B.51) 

From these formulae we can determine the index of the Dirac operator on arbitrary 
manifolds, e.g. for d = 4 we get 


ind(D+) = 


(2ir) 


IM 


—trF^ H- iiR^ 

2 48 


(B.52) 


The Dirac operator (B.43) is not the only operator we need in order to calculate 
anomalies. We also need the analogue of (B.45) for spin-3/2 helds which is given by 
[11], [12] 


ind(D3/2) = / [i(M)(trexp(ii?/27r) - l)ch(F)]voi 


' M 


[x4(M)(tr(exp(ii?/27r) — 1) -|- d — l)ch(F)]voi . (B.53) 


' M 


Explicitly, 

i(M)tr (exp(i?/27r) - 1) = 


(dvr)^ 


2 tri?^ 


+ 


+ 


-htrfi")'' + 

6 3 ^ 

—^(tri?2)3 + FiRhiR"^ - —tri?® 
144^ ^ 20 45 


(dvr)"^ 

1 

(dvr)® 

1 

(dvr)® 

^tri?2tri?® + + Atri?s 

2835 540^ ^ 315 


(B.54) 
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Finally, in 4fc + 2 dimensions there are anomalies related to forms with (anti-)self¬ 
dual held strength. The relevant index is given by [11], [12] 


itid(c^) = - / 1 l(m)|2„ , 


(B,65) 


'M 


where the subscript A stands for anti-symmetric tensor. L{M) is known as the Hirze- 
bruch L-polynomial and is dehned as 


L(M) := n 


Xj/2 


tanh(xj/2) 


(B.56) 


For reference we present the expansion 


L{M) = l-7Axxtri?2+ ^ 


(27r)2 6 


(2vr) 


— (tri?2)2 _ 

72 ^ ^ 180 


(27r)6 

1 

31 


1296 
1 


^ (tri?2)3+ ^ 


' tri^^tri?^ 


31 


31104 


(tri? 


2\4 


1080 

7 

12960 


2835 


-tri?'’ 


{tTRytTR^+ 


+ 


17010 


tiRAiR^ + 


49 


64800 


(tri?' 


4\2 


127 
37800' 


-tiR^ 


+ . 


(B,67) 






















Appendix C 

Special Geometry and Picard-Fuchs 
Equations 


In section 4.2 we saw that the moduli space of a compact Calabi-Yau manifold carries a 
Kahler metric and that the Kahler potential can be calculated from some holomorphic 
function JF, which itself can be obtained from geometric integrals. In this appendix we 
will show that this moduli space is actually an example of a mathematical structure 
known as special Kahler manifold. We also explain how a set of differential equations, 
the so called Picard Fuchs equations arise. In the case of compact Calabi-Yau manifolds 
these are differential equations for the period integrals of 11. This is interesting, since for 
general Calabi-Yau manifolds it may well be simpler to solve the differential equation 
than to explicitly calculate the period integral. During my thesis some progress on the 
extension of the concept of special geometry to local Calabi-Yau manifolds has been 
made [P5]. Unfortunately, the analogue of the Picard-Fuchs equations is still unknown 
for these manifolds. A hrst attempt to set up a rigorous, coordinate free framework 
for special Kahler manifolds was made in [127]. Various properties of special geometry 
and its relation to the moduli spaces of Riemann surfaces and Calabi-Yau manifolds, 
as well as to Picard-Fuchs equations, were studied in [56], [36], [35]. For a detailed 
analysis of the various possible dehnitions see [38]. 


C.l (Local) Special geometry 

We start with the dehnition of a (local) special Kahler manifold, which is modelled after 
the moduli space of complex structures of compact Calabi-Yau manifolds, and which 
should be contrasted with rigid special Kahler manifolds, that occur in the context of 
Riemann surfaces. 

Hodge manifolds 

Consider a complex n-dimensional Kahler manifold with coordinates and metric 

gfj = didjK{z,z) , (C.l) 
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where the real function K(z,z) is the Kahler potential, i, j, ■ ■ ■ ,i, j, ■ ■ ■ G {1,... ,n}. 
The Christoffel symbols and the Riemann tensor are calculated from the standard 
formulae 


rjfc = g'^Bjgkj , , 

with gpjg^^ = (5f, Qiig'^^ = Si, and the Kahler form is defined as 

(C.2) 

cj := ipijdz^ A dz^ . 

Introduce the one-form 

1 1 - 

(C.3) 

Q := —dK+-dK . 

4 4 

Then under a Kahler transformation. 

(C.4) 

k{z{z), z{z)) = K{z, z) + f{z) + f{z) , 

g is invariant and 

1 1 -- 

(C.5) 

Q = Q - ^9/ + 4^/ • 

Clearly 

(C.6) 

u = 2idQ . 

(C.7) 


Definition C.l A Hodge manifold is a Kahler manifold carrying a U{1) line bundle 
s.t. Q is the connection of C. Then the first Chern-class of C is given in terms of 
the Kahler class, 2ci(£) = Such a manifold is sometimes also called a Kahler 

manifold of restricted typed 

On a Hodge manifold a section of C of Kahler weight {q, q) transforms as 

^^{^{z), z{z)) =(C.8) 

when going from one patch to another. For these we introduce the Kahler covariant 
derivatives 

Vii := (9 - 1(9/4-)) ii , PV. := (9 + |(9/4-)) , (C.9) 

where d := dz'^di, B := dPdi := dP-^. A Kahler covariantly holomorphic section, i.e. 
one satisfying Difj = 0 is related to a purely holomorphic section ^phol by 

'Bhoi = , (C.IO) 

since then Biphoi = 0. The Kahler covariant derivative can be extended to tensors $ 
on the Hodge manifold M as 

T)$ = $ , Pd) = (^V +<F , (C.ll) 

^Folio-wing [38] we define the Hodge manifold to have a Kahler form which, when multiplied by 
is of even integer cohomology. In the mathematical literature it is usually defined as a manifold 
with Kahler form of integer homology, ci(£) = ^[wj. 
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where V is the standard covariant derivative. 


Special Kahler manifolds 

Next we want to define the notion of a special Kahler manifold, following the conven¬ 
tions of [38]. There are in fact three different definitions that are useful and which are 
all equivalent. 


Definition C.2 A special Kahler manifold A1 is a complex n-dimensional Hodge man¬ 
ifold with the following properties: 


• On every chart there are complex projective coordinate functions X\z), I G 
{0 ,... ,n}, and a holomorphic function which is homogeneous of second 

degree, i.e. 2JF = X^Xi := X^g^lF, s.t. the Kahler potential is given as 


K{z,z) 


-log 


iX^^X{X^) - iX^^X{X^) 


dX^' 


dx^' 


(C.12) 


• On overlaps of charts, !/„, the corresponding functions are connected by 

where is holomorphic on [/„ 0 Lf^ and G Spifln -|- 2, M). 


• On the overlap of three charts, Ua,Uis,U^, the transition functions satisfy the 
cocycle condition. 


g/ (a/3) +/ (/3-y) +/ (-ya) 

Definition C.3 A special Kahler manifold At is a complex n-dimensional Hodge man¬ 
ifold, s.t. 

• 3 a holomorphic S'p(2n-|-2, M) vector bundle over M. and a holomorphic section 
v{z) oi C s.t. the Kahler form is 

u = —idd\og{i{v,v)) , (C.15) 

where C denotes the holomorphic line bundle over Ai that appeared in the defi¬ 
nition of a Hodge manifold, and {v,w) := v'^Uw is the symplectic product on H; 


(C.14) 


• furthermore, this section satisfies 


{v, div) = 0 . 


(C.16) 
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Definition C.4 Let M. he a complex n-dimensional manifold, and let V(z,z) be a 
2n + 2-component vector defined on each chart, with transition function 

V(a) = , (C.17) 

where fap is a holomorphic function on the overlap and a constant Sp{2n + 2, M) 

matrix. The transition functions have to satisfy the cocycle condition. Take a U{1) 
connection of the form Kidz^ — KidP, under which V has opposite charge as V. Define 


and impose 


Finally define 


Ui := V,V 

{did- Hi)V , 

v-y 

:= (d-i-R^V, 

Uj := V^V 

:= {di + Ri)V , 

v,v 

:= {di-K,)V, 


{V,V) = 

i , 

ViY = 

0 , 

{V,u,) = 

0 , 


0 . 

9ij ■- 

= t{U.,Uj) 


If this is a positive metric on JGl then is a special Kahler manifold. 


(C.18) 


(C.19) 


(C.20) 


The first definition is modelled after the structure found in the scalar sector of four¬ 
dimensional supergravity theories. It is useful for calculations as everything is given in 
terms of local coordinates. However, it somehow blurs the coordinate independence of 
the concept of special geometry. This is made explicit in the second definition which, 
although somewhat abstract, captures the structure of the space. The third definition, 
finally, can be used to show that the moduli space of complex structures of a Calabi- 
Yau manifold is a special Kahler manifold. The proof of the equivalence of these three 
definitions can be found in [38]. 

Consequences of special geometry 

In order to work out some of the implications of special geometry we start from a special 
Kahler manifold that satisfies all the properties of definition C.3. Clearly, (C.15) is 
equivalent to K = — log(i(h, v)) and from the transformation property of K we deduce 
that f is a field of weight (—4, 0) and v of weight (0,4). In other words they transform 
as 

V = e~^Mv , V = e~^Mv , (C.21) 

from one local patch to another. Here M G Sp{2n -|- 2,M). The corresponding deriva¬ 
tives are 
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ViV 

= 

{di + (diK)) V 

Vjv 

= 

div , 

and their complex conjugates. 

Let 

us define 


Ui 

:= ViV , 


Ui 

:= f>iv , 


(C.22) 


(C.23) 


i.e. Ui is a section of T ® £ 0 7Y of weight (—4, 0) and uj a section of T 0 £ (g) 7-f of 
weight (0,4). Here we denoted T := T := Then the following 

relations hold, together with their complex conjugates 


V-v 

= 0, 

(C.24) 


Qij'^ 1 

(C.25) 

[Di, T>j\ 

= 0, 

(C.26) 

V\iUj] 

= 0, 

(C.27) 

{v,v) 

= 0, 

(C.28) 

{v,v) 

= ie~^ , 

(C.29) 

{v,Ui) 

= 0, 

(C.30) 

(Ui^ Uj) 

= 0, 

(C.31) 

(n, uj) 

= 0, 

(C.32) 

{Ui,Uj) 

= -i9ije~^ . 

(C.33) 


(C.24) holds as v is holomorphic by definition, (C.25), (C.26) and (C.27) can be found 
by spelling out the covariant derivatives, (C.28) is trivial. (C.29) is (C.15). Note that 
(C.16) can be written as {v,Viv) = 0 because of the antisymmetry of (.,.), this gives 
(C.30). Taking the covariant derivative and antisymmetrising gives {ViV, T>jv) = 0 and 
thus (C.31). Taking the covariant derivative of (C.29) leads to (C.32). Taking another 
covariant derivative leads to the last relation. 

Next we define the important quantity 


Cijk := -ie^{'DiVjV,Vkv) = -ie^{ViUj.Uk) , 

(C.34) 

which has weight (—4, —4) and satishes 

Cijk C{^ijk) 1 

(C.35) 

'^jCijk = 0 , 

(C.36) 

T^[iCj]ki = 0 , 

(C.37) 

l^itij CijkU ■} 

(C.38) 


where := The first two relations can be proven readily from the equations 

that have been derived so far. The third relation follows from (uj, = 0. In 
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order to prove (C.38) one expands ViUj as^ PiUj = aijV + b^jUk + cfjMfc + dijV, and 
determines the coefficients by taking symplectic products with the basis vectors. The 
result is that and all other coefficients vanish. Considering {ui, [11^, 

we are then led to a formula for the Riemann tensor, 


Rijkl — 9jk9li + 9lk9ji ~ 

Here Ciji is the complex conjugate of Cijk and := 


(C.39) 


Matrix formulation 

So far we collected these properties in a rather unsystematic and not very illuminating 
way. In order to improve the situation we define the (2n + 2) x (2n + 2)-matrix 


which satisfies 


U : = 


/ \ 

uf 

{u-kY 

\ V- j 


UUW = ie-^ 


/ 

V 


0 

0 

0 

-1 


0 

0 

9k j 
0 


0 1 \ 

9jk 0 

0 0 

0 0 / 


(C.40) 


(C.41) 


as can be seen from (C.28)-(C.33). In other words one defines the bundle E ■= {C® 
{T ® C) ® {T ® C) ® C) ® Ti = span(v) © span(Mj) © span(-Ui) © span(-u) and W is a 
section of E. Let us first study the transformation of U under a change of coordinate 
patches. We find 


U = S-^UM^ 


(C.42) 


where M G Sp{2n + 2, M), 


/ e-f 0 0 0 \ 

0 0 0 
0 0 0 
Vo 0 0 e-^" / 


(C.43) 


and ^ := Yj ■= ffj, ^ := Yj ■= Using (C.23), (C.38), (C.25) and (C.24) one finds 
that on a special Kahler manifold the following matrix equations are satisfied^. 


^To understand this it is useful to look at the example of the complex structure moduli space 
M.CS of a Calabi-Yau manifold, which is of course the example we have in mind during the entire 
discussion. As we will see in more detail below, v is given by the period vector of and the Ui have 
to be interpreted as the period vectors of a basis of the (2, l)-forms. Then it is clear that uj should 
be understood as period vectors of a basis of (1, 2)-forms and finally v is given by the period vector 
of n. The derivative of a (2, l)-form can be expressed as a linear combination of the basis elements, 
which is the expansion of ViUj in terms of u, Ui, uj, v, which now is obvious as these form a basis of 
three-forms. 

^Note that the matrices C and A are not the complex conjugates of C and A. 
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with 


ViU = CiU , 

Aw = QW, 

0 0 \ 
0 0 
0 0 

0 / 

I / 


/ 0 

Si 

0 

0 \ 


/ 

0 

0 

0 

A A 

0 

, Ci = 


9ij 

0 

0 

0 

9ik 



0 

^ 0 

0 

0 

0 y 


V 

0 


(C.44) 


(C.45) 


Here Sj is a row vector of dimension n with a 1 at position i and zeros otherwise, gy. is 
a column vector of dimension n with entry at position k, and C^j ^ is symbolic for 
the n X u-matrix Q with matrix elements = QA- The entries of Cj are to be 

understood similarly. These matrices satisfy [Cj,Cj] = 0 and CjCjCfcC/ = 0. It will 
be useful to rephrase these equations in a slightly different form. We introduce the 
operator matrix D := Djdx*, 


:= {di + ki)U-.= {Vi-Ck)U={di + Ti-Ci)U = t] , 

^iA := (^ + A,)W;=(A-Q)W=(^ + A-Q)W = 0, 


/ 0 0 0 

0 0 0 

0 0 5kdiK-fl. 

V 0 0 0 


where 

/ diK 

0 

0 

0 \ 

r. := 

0 

0 

- T% 

0 

0 

0 

0 

0 


V 0 

0 

0 

0/ 


and therefore 


Ai : = 


(m 

Si 

0 

0 \ 

0 

5p,K - T% 

k 

0 

0 

0 

0 

9ik 

^ 0 

0 

0 

0 / 


At : = 


/ 0 

g- 


0 

0 


(C.46) 


0 \ 
0 
0 

diK ) 


0 

0 


(C.47) 

0 \ 

0 


u _ 

0 c.-.^ b^.diK-Vt. 0 


V 0 


0 




diK / 

(C.48) 

Let us see how D transforms when we change patches. From the transformation prop¬ 
erties of T> and C we hnd 


A = S-^AS + S-^dS , 

A = S-^AS + S-^dS , 

for A := Ajd^h so A is a connection. One easily verihes that 

[D„D,-] = [Di,Dj] = 0 . 
Relation (C.39) for the Riemann tensor gives 

[D„%]W = 0 . 


(C.49) 


(C.50) 


(C.51) 
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All this implies that © is flat on the bundle E. 


Special coordinates and holomorphic connections 

We see that an interesting structure emerges once we write our equations in matrix 
form. To push this further we need to apply the equivalence of definition C.3 and C.2. 
In particular, we want to make use of the fact that locally, i.e. on a given chart on Ai, 
we can write 

(C.52) 

where = X^(z) and T = X{X[z)) are holomorphic. Furthermore, the X^ can be 
taken to be projective coordinates on our chart. There is a preferred coordinate system 
given by 

:=^{z) , ae{l,...,n}, (C.53) 

and the P are known as special coordinates. To see that this coordinate system really 
is useful, let us reconsider the covariant derivative on the special Kahler manifold 
Ai, which contains r( 2 ;, z), Ki{z, z) := diK{z, z). If we make use of special coordinates 
these split into a holomorphic and a non-holomorphic piece. We start from rh(z,z), 

set e°‘\= ^ , which does depend on z but not on 2 , and write 

=: + . (C.54) 

Note that T^^- transforms as a connection under a holomorphic coordinate transforma¬ 
tion z —> z{z), whereas transforms as a tensor. Similarly from (C.12) one finds 
that 



Ki{z,z) = -di\og{X°{z)) 


-di log 

. d 


_ X^iz) \dX^ 


® -,Hxy),x-{z))+ns)A-r{x\z),x‘(z)) 


dX° 


d 


. ^^^AiX\z),X^iz)) - tP(z)~AiX\z),X^iz)) 
=: ki{z) + Ai{z,z) ■ 


(C.55) 


Clearly, ]Ci{z,z) is invariant under Kahler transformations and ki[z) transforms as 
Ki{z) —> Ki[z) -|- dif{z), which is precisely the transformation law of Ki{z,z)- Thus, 
the transformation properties of T and Ki are carried entirely by the holomorphic parts 
and one can define holomorphic covariant derivatives for any tensor $ on Ad of weight 


:= (V.-|(W)<F, 


(C.56) 
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where V now only contains the holomorphic connection F. A most important fact is 
that r is flat, i.e. the corresponding curvature tensor vanishes, 

R% := + f- f= 0 , (C.57) 

which can be seen readily from the explicit form of F. Next we take pat to be a constant, 
invertible symmetric matrix and define 

gij := eLCj^b ■ (C.58) 

It is not difficult to show that the Levi-Civita connection of cjij is nothing but F. If we 
take one finds that 

, f*=0 , jy = I)y. (C.59) 

So the holomorphic part of the connection can be set to zero if we work in special 
coordinates. Special or flat coordinates are a preferred coordinate system on a chart 
of our base manifold Ai. But on such a chart v is only defined up to a transformation 
V = Mv. This tells us that we can choose a gauge for v such that = 1. This is, 
of course, the gauge in which the holomorphic part of the Kahler connection vanishes 
as well, Ki = 0. 


Solving the Picard-Fuchs equation 

The fact that the connections on a special Kahler manifold can be split into a holo¬ 
morphic connection part and a non-holomorphic tensor part is highly non-trivial. In 
the following we present one very important consequence of this fact. Consider once 
again the system 

m = 0 , BU = 0 (C.60) 

which holds on any special Kahler manifold. Now suppose we know of a manifold that 
it is special Kahler, but we do not know the holomorphic section v. Then we can 
understand (C.60) as a differential system for U and therefore for v. These differential 
equations are known as the Picard-Fuchs equations. As to solve this system consider 
the transformation 


where 


U W:= R-^U , 

A ^ k:= R-^{K + d)R , 

A ^ k:= R-^{k + d)R , 

/ 1 0 0 0 \ 

p-K — * 1 0 0 

^ a) - * * 1 0 

y * * * 1 y 


(C.61) 


(C.62) 


Note that for such a matrix R ^ the matrix R will be lower diagonal with all diagonal 
elements equal to one, as well. Clearly, this transformation leaves v invariant and 
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Dw = 0 ^ row = 0, 
row = 0 ^ row = 0, 


(C.63) 


with D := 5 + A and D := 5 + A. The crucial point is that the solution v that we are 
after does not change under this transformation, i.e. we might as well study the system 
row = 0, row = 0. Next we note that R~^(z,z) does not have to be holomorphic. 
In fact, since the curvature of A vanishes we can go into a system where A = 0 and 
therefore A = RdR~^. In this gauge we have 

aw = 0 , (C.64) 


and from (C.51) one hnds 


aA = 0 , 


(C.65) 


which tells us that the non-holomorphic parts of the connection A vanish and that the 
matrices Cj are holomorphic. In other words we have Dj = "Dj — Cj, where "Dj is the 
holomorphic covariant derivative of Eq. (C.56) including Ki{z) and only and we 
are interested in the solutions of the holomorphic system 


row = 0. 


(C.66) 


Note that in this system we still have holomorphic coordinate transformations as a 
residual symmetry. Furthermore, if we plug (C.52) in the dehnition of Cijk, we hnd in 
the holomorphic system 


Gijk m 


K 


{ViVjX^)Ad^i - {ViVjRj)VkX^ 


(C.67) 


In special coordinates this reduces to 


Cabc = idadbdcT . 


(C.68) 


The strategy is now to solve the system in special coordinates hrst, and to hnd the 
general solution from a holomorphic coordinate transformation afterwards. Let us then 
choose special coordinates on a chart of Al, together with the choice X^ = 1, and let 


/ n" \ 

v: 

% 

\ / 


(C.69) 


In special coordinates the equation DqW = 0 reads {da — Ca)W = 0 with 


/ 0 0 0 \ 

0 0 0 
0 0 Q Pac 

\ 0 0 0 0 / 


(C.70) 
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or 


daVb = , 

daVc = VacV° , 

daV^ = 0 . 


Recalling (C.68) the solution can be found to be 


(C.71) 


/ n" \ 


/ 1 

Y 

ddX 

2X - V deX \ 



0 


dbddX 

dbX — V dedbX 



0 

0 

-iVcd 

iVpec 

\ {v^Y y 


VO 

0 

0 

* / 


(C.72) 


Of course, the solution of DW = 0 in general (holomorphic) coordinates can then be 
obtained from a (holomorphic) coordinate transformation of (C.72). 


Special geometry and Calabi-Yau manifolds 

It was shown in section 4.2 that the moduli space of complex structures of a compact 
Calabi-Yau manifold is Kahler with Kahler potential K = ~ log J A fl). Let 


V :=e^ [ 

where {rf^} = {r„/, is the set of all three-cycles in X. These cycles are only 
dehned up to a symplectic transformation and 12 is dehned up to a transformation 
Q e7C)f2, see Eq. (4.38). Therefore V is dehned only up to a transformation 


V ^V = 6-^2 MV , 

with M G Sp{2n -|- 2;Z) and f{z) holomorphic. Next we set 

U, 

v,v 


:= V,V := {di + -KAv = {di + -{diK) V , 


:= {d,--id,K)]V 


(C.74) 


(C.75) 

(C.76) 


For vectors V = fus) S and W = L(3) S with S, S three-forms on X there is a natural 

^ i ^ i 

symplectic product, (V, IE) := —S A S. Then it is easy to verify that (C.19) 
holds and i{Ui,Uj) = indeed nothing but So we hnd that all the 

requirements of dehnition C.4 are satished and Xi^s is a special Kahler manifold. 

In the context of Calabi-Yau manifolds the projective coordinates are given by 
the integrals of the unique holomorphic three-form 12 over the T^z-cycles and the 
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holomorphic function JF of definition C.2 is nothing but the prepotential constructed 
from integrals of 12 over the F^^-cycles, 



(C.77) 


In other words the vector v of definition C.3 is given by the period vector of 12 and 


the symplectic bundle is the Hodge bundle 7F. This is actually the main reason why 
the structure of special geometry is so important for physicist. The integrals of 12 
over three cycles is interesting since it calculates the prepotential (and therefore the 
physically very interesting quantity Cijk)- On the other hand, using mirror symmetry 
a period integral on one manifold can tell us something about the instanton structure 
on another manifold. Unfortunately the integrals often cannot be calculated explic¬ 
itly. However, in some cases it is possible to solve the ordinary linear differential 
Picard-Fuchs equation for J 12, which therefore gives an alternative way of extracting 
interesting quantities. Indeed, the differential equations that one can derive for J 12 by 
hand agree with the Picard-Fuchs equations of special geometry. Finally we note that 
the matrix U is nothing but the period matrix of the Calabi-Yau, 



(C.78) 


which can be brought into holomorphic form by a (non-holomorphic) gauge transfor¬ 
mation. 

C.2 Rigid special geometry 

The quantum field theories we are interested in are generated from local Calabi-Yau 
manifolds, rather than from compact Calabi-Yau manifolds. We saw already that the 
integrals of 12 over (relative) three-cycles maps to integrals on a Riemann surface. It 
turns out that the moduli space of Riemann surfaces carries a structure which is very 
similar to the special geometry of Calabi-Yau manifolds, and which is known as rigid 
special geometry. 

Rigid special Kahler manifolds 

Definition C.5 A complex n-dimensional Kahler manifold is said to be rigid special 
Kahler if it satisfies: 

• On every chart there are n independent holomorphic functions X^{z),i G {1,..., n} 
and a holomorphic function iF{X), s.t. 



(C.79) 
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• On overlaps of charts there are transition functions of the form 

( 3F ), , = 6“""( ^ ) + ''o-’- 
with Ca/s G M, Map G S'p(2n,M), bap G 


• The transition functions satisfy the cocycle condition on overlaps of three charts. 

Definition C.6 A rigid special Kahler manifold is a Kahler manifold with the 
following properties: 

• There exists a f/(l) x ISp{2n, M) vector bundle^ over Ai with constant transition 
functions, in the sense of (E.8), i.e. with a complex inhomogeneous piece. This 
bundle should have a holomorphic section V, s.t. the Kahler form is 

uj = -dd{V,V). (C.81) 


• We have {diV, djV) = 0. 

Definition C.7 A rigid special manifold is a complex n-dimensional Kahler manifold 
with on each chart 2n closed holomorphic 1-forms Uidz^, 

diUj = 0 , d[iUj] = 0 , 

with the following properties: 

. {U,,Uj) = 0. 

• The Kahler metric is 

9ij l{Uii Uj) . 

• The transition functions read 

Ui,^a)dzla) = e^^-^apUp^p^dzlf,) (C.84) 

with Cap G M, Map G Sp{2n,M.). 


(C.82) 


(C.83) 


• The cocycle condition holds on the overlap of three charts. 


"^This is a vector bundle with transition function V(a) = -I- bap, with Cap S R, Map S 

Sp{2n,M.), bap G C^". 
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For the proof of the equivalence of these definitions see [38]. 

Matrix formulation and Picard Fuchs equations 

As before we want to work out some of the consequences of these definitions. Take the 
Ui from Def. C.7 and define 

' f/7 


V : = 


UT 

j 


Equations (C.82) and (C.83) can then be written in matrix form 

=1 ^ 

V ^9j-i 0 

Next we dehne the {2n x 2n)-matrix 

A, := -(d,V)V“' , 

which has the structure 

k k 

A- = - ( 

’ ' 0 0 


(C.85) 


(C.86) 


(C.87) 


(C.88) 


where and as can be seen from Eq. (C.82). Then one finds 


A,; 


0 -i9kl 
Wfk 0 


= -(diV)f2V 

= -di 


0 -igfi 
Wfj 0 


VGdiV^ , 


(C.89) 


but on the other hand 
A,: 


0 -iQkl 
Wfk 0 


ICqjy iG(^ij'^i 

0 0 


(C.90) 


and therefore, taking the second line of (C.89) minus the transpose of the hrst, 




iG 


iC, 

iP)] 


{P)j 


\ _ a. 

0 ' “ ’ 


0 -igfl 
igij 0 


(C.91) 


We deduce that G is symmetric in all its indices and that d^igjy = 0, i.e. it is Kahler. 
Hence, we can define the Levi-Civita connection and its covariant derivative 


Mi 




ij' 


Clearly, Gj A = rf- and we find 


with 

Ai ; = 




_pfc_ 

^ ij 




0 Q/ 
0 0 


<1 

J?' 

(C.92) 

(Vi - Ci)V = 0 , 

(C.93) 

/ 0 0 \ 


o) 

(C.94) 
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and symmetric Cijk- From [Vj, Vj]V = 0 we deduce that V[iCj] = 0 or 

Ci,k = ViVjVkS (C.95) 

for some function S. Acting with [Vj, Vj] on V gives the identity 

Ry,u = -QkmCjr^g^^ . (C.96) 

Finally we define Dj := V* — Q and Dj := (V* — Q) with the properties [©j,Dj] = 0, 
[DplDj] = 0 and [Dj,Dj]V = 0, so D is a flat connection. 

Now we use the equivalence of the three definitions and define the special coordinates 
to be the holomorphic functions 

t^{z) := X\z) . (C.97) 

As above the Christoffel symbol splits into a tensor part and a holomorphic connection 
part, 

r‘(z,*) = f'=W + 7’‘(z,2), (C.98) 

and once again F is a flat connection, R{T) = 0, that vanishes if we use special 
coordinates. We again define a holomorphic covariant derivative, V, that contains 
only the holomorphic part of the connection. Its commutator gives the curvature of F 
and therefore vanishes. Next we transform 

V -> A := , 

A ^ A-= S-\A + d)S , (C.99) 

A ^ A-= S-\A + d)S , 

where S is chosen such that A = 0. Then we are left with 

(V„-C)A = 0 , daX = 0. (C.lOO) 

In special coordinates F vanishes and this reads 

= ( Q . (C.ioi) 

Using the equivalence of the three dehnitions we find that 

= (C.102) 

Then, multiplying daUb = by U^U we find that in special coordinates 

Cabc = idadbdcX , (C.103) 



(C.104) 


which leads to the solution 


6^ dbddT 
0 -ir]cd 
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Rigid special geometry and Riemann surfaces 

For a given Riemann surface S it is natural to try to construct a rigid special Kaliler 
manifold using the g holomorphic forms Aj. However, the moduli space of a Riemann 
surface has dimension 3g — 3 for g > 1, whereas we can only construct a ^-dimensional 
rigid special Kahler manifold from our forms. That means that unless g = I the special 
manifold will be a submanifold of the moduli space of S. 

Let then W be a family of genus g Riemann surfaces which are parameterised by only g 
complex moduli and let A* be the set of holomorphic one-forms on S. Then we identify 


U^ = 




(C.105) 


BjUi = 0 tells us that the periods should depend holomorphically on the moduli. Using 
Riemann’s second relation one can show that all requirements of dehnition (C.7) are 
satished. (E.g. {Ui,Uj) = 0 follows immediately from the symmetry of the period 
matrix; Riemann’s second relation gives the positivity of the metric.) The condition 
dylli] = 0 has to be checked for the particular example one is considering. On compact 
Riemann surfaces it reduces to 9[jAj] = {dr])ij. If the right-hand side is zero then 
locally there exists a meromorphic one-form A whose derivatives give the holomorphic 
one-forms. Then, using 

= (C. 106 ) 


we identify 



(C.107) 


This implies that, similarly to the case of the Calabi-Yau manifold, the holomorphic 
function X* and the prepotential JF can be calculated from geometric integrals on the 
Riemann surface. However, in contrast to the Calabi-Yau space, the form A now is 
meromorphic and not holomorphic. 



Appendix D 

Topological String Theory 


One of the central bnilding blocks of the web of theories sketched in Fig. 2.3 is the B- 
type topological string. Indeed, although the relation between effective superpotentials 
and matrix models can also be proven using held theory results only [42], [26], the string 
theory derivation of this relation leads to the insight that many seemingly different 
theories are actually very much related, and the topological string lies at the heart of 
these observations. The reason for this central position of the topological string are a 
number of its properties. It has been known for a long time [20] that the topological 
string computes certain physical amplitudes of type II string theories compactihed on 
Calabi-Yau manifolds. Furthermore, it turns out that the string held theory of the open 
B-type topological string on the simple manifolds is an extremely simple gauge 
theory, namely a holomorphic matrix model [43], as is reviewed in chapter 7. Finally, 
we already saw in the introduction that the gauge theory/string theory duality can be 
made precise if the string theory is topological. Here we review the dehnition of the 
topological string, together with some of its elementary properties. Since topological 
string theory is a vast and quickly developing subject, this review will be far from 
complete. The reader is referred to the book of Hori et. ah [81], for more details and 
references. For a review of more recent developments see for example [HI]. Here we 
follow the pedagogical introduction of [133]. 

D.l Cohomological field theories 

Before we embark on dehning the topological string let us dehne a cohomological field 
theory. It has the following properties: 

• It contains a fermionic symmetry operator Q that squares to zero, 

Q' = 0. (D.l) 

Then the physical operators of the theory are dehned to be those that are Q- 
closed, 

{Q,O.} = 0. (D.2) 
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• The vacuum is Q-symmetric, i.e. Q|0) = 0. This implies the equivalence Oi ~ 
+ {Qy cis cau be seen from {Oi^... Oif,{Q, • • •) = 0, where we used 

(D,2). 


The energy-momentum tensor is Q-exact, 

6S 


Tnf) = 


— {Qy Gold} ■ 


(D.3) 


This property implies that the correlation functions do not depend on the metric, 

Oi,... 








5S 


= z(o,,...o,jg,G„;3}) = o. 

Here we assumed that the Oi do not depend on the metric. 

The condition (D.3) is trivially satished if the Lagrangian is Q-exact, 

L = {Q,V ], 


(D.4) 


(D,5) 


for some operator V. For such a Lagrangian one can actually calculate the correlation 
functions exactly in the classical limit. To see this note that 

= |:y'r>.^Oi....Oi.exp(^|Q,|v'|) =0. (D.6) 


Interestingly, from any scalar physical operator 0^^\ i.e. from one that does not 
transform under coordinate transformation of M, where M is the manifold on which 
the theory is formulated, one can construct a series of non-local physical operators, 
which transform like forms. Integrating (D.3) over a space-like hypersurface gives 


Consider 


and calculate 

^ (p(0) 


Oi‘> := j{G„0(“>}, 


±!{{G„, O™}. 0} - i{{0“,«}, G„} 

W.O‘} . 


(D7) 

(D.8) 


(D.9) 


Let O^ ;= G^dx", then 


dO° = {Q,0^} . 


(D.IO) 
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Integrating this eqnation over a closed curve 7 in M gives 




0 . 


(D.ll) 


Therefore, the set of operators are (non-local) physical operators. Repeating 

this procedure gives 


{Q,0+ 

= 0 


{0.C><‘)} 

= dC>® 


{g,oP>} 

= dc>(^) 


{Q,o+ 

= 


0 

= dC>(") , 

(D.12) 

where n is the dimension of M. Hence, 

the integral of 

over a p-dimensional 

submanifold of M is physical. In particular, we have 



q f c)Wl=o. (D.13) 

Jm j 


This implies that we can add terms with arbitrary coupling constants to the 

Lagrangian, and the “deformed” theory then will still be cohomologicah 


D.2 J\f = ( 2 , 2 ) supersymmetry in 1 + 1 dimensions 

The goal of this appendix is to construct the B-type topological string. This can be 
done by twisting an A/” = (2, 2) supersymmetric theory in two (real) dimensions and 
then coupling the twisted theory to gravity. Let us therefore start by studying two- 
dimensional A/” = (2, 2) theories. Since we will only be interested in theories living 
on complex one dimensional manifolds, which locally look like C, we will concentrate 
on held theories on C with coordinates z = + ix^. Here can be understood as 

Euclidean time. 

The Lorentz group on C is given by U{1), and Weyl spinors have only one complex 
component^. On the other hand, these spinors transform under the U{1) Lorentz group 
and one can classify them according to whether they have positive or negative U{1)- 
charge. A theory with p spinor supercharges of positive and q spinor supercharges of 
negative charge is said to be a A/” = (p, q) supersymmetric held theory. 

Here we study A/” = (2, 2) theories which are best formulated on superspace with 
coordinates where 9"^ are Grassmann variables satisfying {9^)* = 9^. The 

superscript ± indicates how the spinors transform under Lorentz transformation, > 
z' = e^'^z, namely 

^ (0±)' = , 9^ {9^y = . 


^For a detailed description of spinors in various dimensions see appendix A.2. 


(D.14) 




182 


D Topological String Theory 


Functions that live on superspace are called superfields and because of the Grassnian- 
nian nature of the fermionic coordinates they can be expanded as 

'l/(z, z,9~^,9~z) + 9^i/j+{z, z) + 9~i/j-{z, z) + 9~^9~ F{z, z) + ... . (D.15) 


Symmetries and the algebra 

Having established superspace, consisting of bosonic coordinates z and fermionic co¬ 
ordinates 9^, we might ask for the symmetry group of this space. In other words we 
are interested in the linear symmetries which leave the measure dzdzd9~^d9~d9~^d9~ 
invariant. Clearly, part of this symmetry group is the two-dimensional Poincare sym¬ 
metry. The translations are generated by 

We saw already how the spinors 9^, 9^ transform under Lorentz transformation, so the 
generator reads 


M = A _ r A + J_ _ r . (0.16) 

where M is normalised in such a way that rotates the Grassmann variables once 
and the complex variables twice. Other linear transformations are the translation of 
the fermionic coordinates 9^ generated by and a change of bosonic coordinates 
z —>■ z' = z + e9, generated by the eight operators 9^dz, 9^dz, 9^dz, ^dz- From these 
various symmetry generators one defines differential operators on superspace, 

Q± := ^ + (D.17) 

:= (D- 18 ) 

:= (D.19) 

D± := -~ + i9^d±, (D.20) 

where we denoted 5+ \= dz and d- '.= dz- 

There are two more interesting linear symmetry transformations, known as the 
vector and axial R-rotations of a superfield. They are dehned as 
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with the corresponding operators 

Fv 
Fa 

Of course, a superheld \I/ might also transform under these transformations. 


1 

+ 


+ 9+ 

+s-t 

d9+ 

d9~ 

d9+ 

d9~ 

0 + f 


+ 9+ 

-s-Jl 

d9^ 

d9 

d9+ 

d9 


(D.21) 


e+FA . 


g*/39A^('^M^gTi/30±^g±i/3^±) , 


(D.22) 

(D.23) 


where qy and qa are known as the vector and axial R-charge of 

From the operators constructed so far it is easy to derive the commutation relations. 
One obtains the algebra of an A/” = (2, 2) supersymmetric theory 

[M, H] = -2P , [M, P] = -2H 


-^2 


-^2 


QX = Qt = Q+ = Q_ = 0 
{Q±,Q±} = H±P 
[M,Q±] = tQ± 

[Fv,Q±] = —Q± 

[Fa.Q±] = tQ± 


[M, Q±] =+Q± 
[Fy-, Q±] = +Q± 
[Fa, Q±] = ±Q± • 


(D.24) 


Chiral superfields 

A chiral superfield is a function on superspace that satishes 


= 0 , 
D±T = 0 


(D.25) 


and helds satisfying 

(D.26) 

are called anti-chiral superfields. Note that the complex conjugate of a chiral superheld 
is anti-chiral and vice-versa. A chiral superheld has the expansion 


^{z,9^,9±) = (p{w,w) + + 9 + 9~^9 F{w,w) , (D.27) 

where w := z — i9^9^ and w \= z — i9~9~. Note that a Q-transformed chiral held is 
still chiral, because the Q-operators and the H-operators anti-commute. 

Supersymmetric actions 

We are interested in actions that are invariant under the supersymmetry transformation 


^ — 6~*~Qj_ -|- 6 Q_ + 6~*~ Q_|_ -|- e Q- 


(D.28) 


Let d/j) be a real diherentiable function of superhelds d/j and consider the quan¬ 

tity 

[ d^.^ d^9 K{dli, ^0) := f dz d0+d0-d0+dr . (D.29) 
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Functionals of this form are called D-terms and it is not hard to see that they are 
invariant under the snpersymmetry transformation (D.28). If we require that for any 
'hj with charges qy, q\ the complex conjugate held 'F* has opposite charges —gv, —gA, 
the D-term is also invariant under the axial and vector R-symmetry. 

Another invariant under supersymmetry can be constructed from chiral superhelds 
Let W{^i) be a holomorphic function of the called the superpotential, and consider 


j d^z d^d W{^i) 


j d^z dd+d0- 


0±=O 


(D.30) 


This invariant is called an F-term. Clearly, this term is invariant under the axial R- 
symmetry if the have gA = 0. The vector R-symmetry, however, is only conserved 
if we can assign vector R-charge two to the superpotential hF($). For monomial 
superpotentials this is always possible. 

It is quite interesting to analyse the action (D.29) in the case in which K is a 
function of chiral superhelds and their conjugates. As to do so we want to spell out 
the action in terms of the component helds and keep only those helds that contain the 
helds (pi- The coefficient of 6~^6~6^6~ can be read oh to be 


(IK K 

—= 


fl Ifa j.i 


(D,31) 


Of course, the last term vanishes under the integral. The 0*-dependent terms give the 
same expression with -|- and — interchanged. This implies that the 0, 0-dependent 
part of the D-term action can be written as 


S^ = - i d^z 


(D.32) 


with 7]^ = -g + = 2, = T] =0 and 

If we interpret the 0* as coordinates on some target space Ai, we hnd that this space 
carries as metric g^j which is Kahler with Kahler potential K. Of course, one conld 
also write down all the other terms appearing in the action (D.29), but the expression 
would be rather lengthy. One the other hand it does not contain derivatives of the 
Fj, and all Fj appear at most quadratically. Therefore, we can integrate over Fj in 
the path integral and the result will be to substitute the value it has according to its 
equation of motion. Then the action turns into the rather simple form 

L = -gfjd^^^da^ - 2igfj{[jlA+'ipl - 2igij0^A_0; - , (D-34) 

where 


R^jkI = - dkdjgfj , 

r}, = g%gij. 


(D.35) 
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Quantum theory and anomalies 

When studying a quantum field theory it is always an interesting question whether the 
symmetries of the classical actions persist on the quantum level, or whether they are 
anomalous. Here we want to check whether the quantum theory with action (D.29), 
and with chiral superfields instead of the general fields is still invariant under the 
vector and axial symmetries. One possibility to analyse the anomalies of a quantum 
theory is to study the path integral measure, 

Yl D(t)^D^p\DijlDF^ X c.c 
i 

If we take the charges qy, Qa of all the to zero, the 0* do not transform under R- 
symmetry and, as we just saw, the F* can be integrated out, so it remains to check 
whether the fermion measure is invariant. To proceed one first of all assumes that the 
size of the target manifold is large compared to the generic size of the world-sheet. In 
this case the Riemann curvature will be small and one can neglect the last term in the 
action (D.34). Then the path integral over ^|J_ has the form 


(D.36) 


J exp('0_, A+-^_) , (D.37) 

where the inner product is defined as (a, b) := +bi. A quantity that will be important 
in what follows is the index k of the operator A+, 

k = dim KerA+ — dim KerA^ . (D.38) 

This quantity is actually a topological invariant, and the Atiyah-Singer index theorem 
tells us that in this simple case it can be written as 

k = [ ci(Af) . (D.39) 

J+T.) 

Here S is the world-sheet, i.e. it is C in the case we studied so far, and M. denotes the 
target space. We will not address the problem of how to study the fermion measure 
in detail, but we only list the results. First of all, because of the Grassmannian 
nature of the integrals over the fermionic variables, one can show that the quantity 
j exp('0_, A+'0_) does actually vanish, unless /c = 0. In order to obtain a 

non-zero result for finite k one has to insert fermions into the path integral, 

j {gi+j^'ipA (^i)^+ (^i) • • • {zk)i)+ {zk)) e~^ . (D.40) 

It is easy to see that these quantities are invariant under the vector symmetry, but 
the axial symmetry is broken unless k = D. This is a first indication why Calabi-Yau 
manifolds are particularly useful for the topological string, since fc = 0 implies that 
ci(A4) = 0. 
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D.3 The topological B-model 

The starting point of this section is once again the action 

S = j d^zd^eK{¥,¥) (D.41) 

with chiral superfields now formulated on an arbitrary Riemann surface S. 

The A/" = (2,2) supersymmetric field theories constructed so far are not yet coho¬ 
mological theories. Note however, that 

{Q+ + Q+ ~ Q-} — , 

{Q+ + Q-j Q+ + Q-} = 2/^, 

so if we define 

Qb •= Q+ + Q- (D.42) 

then 

Ql = 0, (D.43) 

and H and P are Qs-exact. However, one of the central properties of a cohomological 
theory is the fact that it is independent of the world-sheet metric, i.e. one should be 
able to define it for an arbitrary world-sheet metric. This can be done on the level of 
the Lagrangian, by just replacing partial derivatives with respect to the world-sheet 
coordinates by covariant derivatives. However, one runs into trouble if one wants to 
maintain the symmetry of the A/” = (2, 2) theory. In particular, the supersymmetries 
should be global symmetries, not local ones. This amounts to saying that in the 
transformation <5$* = the spinor has to be covariantly constant with respect 

to the world-sheet metric. But for a general metric on the world-sheet there are no 
covariantly constant spinors. So, it seems to be impossible to construct a cohomological 
theory from the A/” = (2, 2) supersymmetric one. 

On the other hand, for a symmetry generated by a bosonic generator the inhnitesi- 
mal parameter is simply a number. In other words, it lives in the trivial bundle E x C 
and can be chosen to be constant. This gives us a hint on how the above problem can 
be solved. If we can somehow arrange for some of the Q-operators to live in a trivial 
bundle, the corresponding symmetry can be maintained. Clearly, the type of bundle 
in which an object lives is defined by its charge under the Lorentz symmetry. We are 
therefore led to the requirement to modify the Lorentz group in such a way that the 
Qs-operator lives in a trivial bundle, i.e. has spin zero. This can actually be achieved 
by defining 

Mb-.= M - Fa (D.44) 

to be the generator of the Lorentz group. One then finds the following commutation 
relations 

[Mb, Q+] = -2Q+ , [Mb, Q-] = 2Q_ 

[Mb, Q+] = 0 , [Mb, Q-\ = 0 . 
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Note that now the operator Qb indeed is a scalar, and therefore the corresponding 
symmetry can be dehned on an arbitrary curved world-sheet. This construction is 
called twisting and we arrive at the conclusion that the twisted theory truly is a co- 
homological held theory. Of course, on the level of the Lagrangian one has to replace 
partial derivatives by covariant ones for general metrics on the world-sheet, but now 
the covariant derivatives have to be covariant with respect to the modihed Lorentz 
group. 

So far our discussion was on the level of the algebra and rather general. Let us now 
come back to the action (D.41) analysed in the last section. Note hrst of all that the 
B-type twist (D.44) involves the axial vector symmetry, which remains valid on the 
quantum level only if we take the target space to have ci = 0. Therefore, we will take 
the target space Af to be a Calabi-Yau manifold from now on. 

Let us then study in which bundles the various helds of our theory live after twisting. 
It is not hard to see that 

e r(T(°’i)(>l)) , 

where G means “is a section of’. This simply says that e.g. "0+ transforms as a 
(1, 0)-form on the world-sheet and as a holomorphic vector in space time, whereas e.g. 
"0!^ transforms as a scalar on the world-sheet, but as an anti-holomorphic vector in 
space-time. It turns out that the following reformulation is convenient, 

Oi := - V’i) , 

pL := , 

P\ ■■= • 


The twisted M = (2,2) supersymmetric theory with a twist (D.44) and action (D.41) 
is called the B-model. Its Lagrangian can be rewritten in terms of the new helds. 


L = -ti + igfjr]^{A-,pl + A,p\) + i0i{A-^p\ - A^p\) + -Rpjk pIpIp^Oi 


(D.45) 

where t is some coupling constant. Here we still used a hat metric on S to write the 
Lagrangian, but from our discussion above we know that we can covariantise it using 
an arbitrary metric on the world-sheet, without destroying the symmetry generated by 
Qb- The Lagrangian can be rewritten in the form 


L 


it{QB:V} - t iOiiA-.pl - A^pI) + -Rf.^ pIPsV^Oi 


(D.46) 
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with 

V = + • (D-47) 

Now it seems as if the B-model was not cohomological after all, since the second term 
of (D.45) is not Q^-exact. However, it is anti-symmetric in z and and therefore it 
can be understood as a differential form. The integral of such a form is independent 
of the metric and therefore the B-model is a topological quantum held theory. 

We mention without proof that the B-model does depend on the complex structure 
of the target space, but it is actually independent of its Kahler structure [146]. The 
idea of the proof is that the variation of the action with respect to the Kahler form is 
Qs-exact. 

Furthermore, the t-dependence of the second term in (D.45) can be eliminated 
by a rescaling of 6i. If one studies only correlation function which are homogeneous 
in 6, the path integral only changes by an overall factor of t to some power. Apart 
from this prefactor the correlation function is independent of t, as can be seen by 
performing a calculation similar to the one in (D.6). But this means that to calculate 
these correlation functions one can take the limit in which t is large and the result will 
be exact. This fact has interesting consequences. For example consider the equations 
of motion for 0 and 0, 

= ^50* = 0 , (D.48) 

which only have constant maps as their solutions. Since the “classical limit” t ^ oo 
gives the correct result for any t, up to an overall power of t, we hnd that in the path 
integral for 0 we only have to integrate over the space of constant maps, which is 
simply the target space A4 itself. 

A set of metric independent local operators can be constructed from 



V := 

Ky,’’yj)dyA 

Ali ^ 

... —r 

d4>{ 


d 

d(l){ 

(D.49) 

as 









Ov := 

21 .. 

'.'f 

... .. 

•4 


(D.50) 

The transformation laws 








{Qb, 0*} — 

0 , 

[Qb, 0*} = 

-v‘ 




{Q 

B, — 

0 , 

{Qb,v'} = 

0 , 




can then be used to show that 

{QB,Ov} = -Ogy . (D.51) 

We see that Qb can be understood as the Dolbeault exterior derivative d and the 
physical operators are in one-to-one correspondence with the Dolbeault cohomology 
classes. 
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D.4 The B-type topological string 

So far the metric on the world-sheet was taken to be a hxed background metric. To 
transform the B-model to a topological string theory one has actually to integrate over 
all possible metrics on the world-sheet. If one wants to couple an ordinary held theory 
to gravity the following steps have to be performed. 

• The Lagrangian has to be rewritten in a covariant way, by replacing the hat 
metrics by dynamical ones, introducing covariant derivatives and multiplying 
the measure by Vdeth 

• One has to add an Einstein-Hilbert term to the action, plus possibly other terms, 
to maintain the original symmetries of the theory. 

• The path integral measure has to include a factor Dh, integrating over all possible 
metrics. 

Here we only provide a sketch of how the last step of this procedure might be 
performed. We start by noting that, once we include the metric in the Lagrangian, the 
theory becomes conformal. But this means that one can use the methods of ordinary 
string theory to calculate the integral over all conformally equivalent metrics. An 
important issue that occurs at this point in standard string theory is the conformal 
anomaly. To understand this in our context let us review the twisting from a different 
perspective. We start from the energy momentum tensor Tap, which in conformal 
theories is known to have the structure T^z = T^z = 0, T^z = T{z) and T^z = T{z). 
One expands T{z) = Ylm=-oo , and the Virasoro generators satisfy 


\Lm, Ln\ (j^ Lm+n T ^^^TTllpTb n • 


(D.52) 


c is the central charge and it depends on the theory. Technical problems occur for 
non-zero c, since the equation of motion for the metric reads 


6 S 


6h. 


aP 


— Tap — 0 . 


(D.53) 


In conformal theories this equation is imposed as a constraint, i.e. one requires that a 
physical state | ' 0 ) satishes 

Lm I V') = 0 ^ • (D.54) 

This is compatible with the Virasoro algebra only if c = 0. If c 7 ^ 0 one speaks of a 
conformal anomaly. Let us then check whether we have a central charge in the case of 
the twisted theory. 

Note from (D.21) that Fy -|- acts on objects with a -|- index, i.e. on left-moving 
quantities, whereas Fy — Fa acts on objects with a minus index, i.e. on right-moving 
quantities. Therefore we dehne F^ := Fy + Fa and F^ := Fy — F^. It can be shown 
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that these two symmetries can be identihed with the two components of a single global 
17(1) current. To be more precise we have 


Fl= / J(^)d^, (D.55) 

Jz=0 

and similarly for Fr. Expanding the current as 

OO 

J{z)= (D.56) 

m=—oo 

gives Fr = 27riJo. Now recall that Mr = M — Fa = M — ^{Fr — Fr) and from 
M = 27ri(Lo — Lq) we hnd 

Lo,b = Lq — -Jq , Lq b = Lq — - Jo . (D.57) 

This twisted Virasoro generator can be obtained from 

TR,{z)=T{z) + ]^dJ{z) , (D.58) 

with generators 

Lm,B 2^^ F f)'An (D.59) 

The algebra of these modihed generators can be calculated explicitly and one hnds 

\,L/m,By F^ b) F)LjyiAn,B ■ (D.60) 

We hnd that the central charge is automatically zero, and as a consequence the topo¬ 
logical string is actually well-dehned in any number of space-time dimensions. 


Now we can proceed as in standard string theory, in other words we sum over all 
genera g of the world-sheet, integrate over the moduli space of a Riemann surface of 
genus g and integrate over all conformally equivalent metrics on the surface. In close 
analogy to what is done in the bosonic string the free energy at genus g of the B-model 
topological string is given by (c.f. Eq. (5.4.19) of [117]) 



dm* A dm* / G^^(/ii)| / 



(D.61) 


where is the moduli space of a Riemann surface of genus g. As usual the (/ij)| are 
dehned from the change of complex structure, dz^ —> dz* -|- e(/i*)|d7, and the dm* are 
the dual forms of the fii. Furthermore, the quantity G^z is the Q-partner of the energy 
momentum tensor component T^z- Interestingly, one can show that the Fg vanish for 
every ^ > 1, unless the target space of the topological string is of dimension three. 

This elementary dehnition of the B-type topological string is now the starting point 
for a large number of interesting applications. However, we will have to refrain from 
explaining further details and refer the interested reader to the literature [81], [133], 
[ 111 ]. 



Appendix E 
Anomalies 


Anomalies have played a fascinating role both in quantnm held theory and in string 
theory. Many of the resnlts described in the main text are obtained by carefully 
arranging a given theory to be free of anomalies. Here we provide some background 
material on anomalies and hx the notation. A more detailed discussion can be found 
in [P4]. General references are [11], [12], [13], [134] and [139]. In this appendix we 
work in Euclidean space. 


E.l Elementary features of anomalies 

In order to construct a quantum held theory one usually starts from a classical theory, 
which is quantized by following one of several possible quantization schemes. Therefore, 
a detailed analysis of the classical theory is a crucial prerequisite for understanding 
the dynamics of the quantum theory. In particular, the symmetries and the related 
conservation laws should be mirrored on the quantum level. However, it turns out that 
this is not always the case. If the classical theory possesses a symmetry that cannot 
be maintained on the quantum level we speak of an anomaly. 


A quantum theory containing a massless gauge held A is only consistent if it is 
invariant under the inhnitesimal local gauge transformation 


A'{x) = A{x) + De{x) 

The invariance of the action can be written as 

(5^ [A] 


Dm{x) 


5AaM{x) 


= 0 , 


(E.l) 


(E.2) 


where A = AaTa = AajviTadx^. Then we can dehne a current corresponding to this 
symmetry. 


Ja{x) := 


(5^[A] 

5AaM{x) 


(E.3) 
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and gauge invariance (E.2) of the action tells us that this current is conserved, 


DmJ"(x) = 0 . 


(E.4) 


Suppose we consider a theory containing massless fermions ip in the presence of an 
external gauge held A. In such a case the expectation value of an operator is dehned 
as^ 


^ J D^pDtp Oexp{-S[ilj,A]) 

f DtpDtp exp(—S'['0, ^]) 


and we dehne the quantity 


exp(-X[A]) 


DipDip exp(—A]) . 


(E.6) 


Then it is easy to see that 




6AaM{x) 


(E.7) 


An anomaly occurs if a symmetry is broken on the quantum level, or in other words 
if X[A] is not gauge invariant, even though S[ip,A\ is. The non-invariance of X[A] 
can then be understood as coming from a non-trivial transformation of the measure. 
Indeed, if we have 


DtpDtp —> exp 


d'^x ea{x)Ga[x-,A] 


DipDip, 


(E.8) 


then the variation of the functional (E.6) gives 

exp(-Ji:[yl]) J d’^x DM{J^{x))e<,{x) ^ j Di)Di)[iGa[x] A]f:a[x)]fxx^{-S) . 

(E.9) 

This means that the quantum current will no longer be conserved, but we get a gen¬ 
eralised version of (E.4), 

DM{Ja{^))=^Ga[x]A] . (E.IO) 

Ga[x',A\ is called the anomaly. 

Not every symmetry of an action has to be a local gauge symmetry. Sometimes 
there are global symmetries of the helds 


$' = $ + ieA^ . (E.ll) 

These symmetries lead to a conserved current as follows. As the action is invariant 
under (E.ll), for 

$'= $ + ie(a;)A<I) (E.12) 

^We work in Euclidean space after having performed a Wick rotation. Our conventions in the 
Euclidean are as follows: Sm = iSs, x\[ = = Xe', = E^, T\,j = 

r|;,... = r^; r^; := ..., r'P. For details on conventions in Euclidean space see [P3]. 
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we get a transformation of the form 

SSm = - J d'^x J^{x)dMe{x) . (E.13) 

If the helds now are taken to satisfy the held equations then (E.13) has to vanish. 
Integrating by parts we hnd 

dMJ^ix) = 0 , (E.14) 

the current is conserved on shell.^ Again this might no longer be true on the quantum 
level. An anomaly of a global symmetry is not very problematic. It simply states that 
the quantum theory is less symmetric than its classical origin. If on the other hand 
a local gauge symmetry is lost on the quantum level the theory is inconsistent. This 
comes about as the gauge symmetry of a theory containing massless spin-1 helds is 
necessary to cancel unphysical states. In the presence of an anomaly the quantum 
theory will no longer be unitary and hence useless. This gives a strong constraint for 
valid quantum theories as one has to make sure that all the local anomalies vanish. 

The chiral anomaly 

Consider the specihc example of non-chiral fermions ^ in four dimensions coupled to 
external gauge helds A = AaTa = Aa^Tadx^ with Lagrangian 

C = + Af,)ii . (E.15) 

It is invariant under the global transformation 

'll)' := exp(ie75)V' , (E.16) 

with e an arbitrary real parameter. This symmetry is called the chiral symmetry. The 
corresponding (classical) current is 

J^{x) = , 

and it is conserved = 0, by means of the equations of motion. For this theory 
one can now explicitly study the transformation of the path integral measure [62], see 
[P4] for a review. The result is that 

G[a:; A] = ^tr[e^"^"F^,(a;)Fp.(a;)] . (E.17) 

We conclude that the chiral symmetry is broken on the quantum level and we are left 
with what is known as the chiral anomaly 

a,{y(x)) = . (E.18) 

^This can be generalized to theories in curved space-time, where we get VmJ^[ x) = 0, with the 
Levi-Civita connection V. 
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The non-Abelian anomaly 

Next we study a four-dimensional theory containing a Weyl spinor y coupled to an 
external gauge field A = AaTa- Again we take the base manifold to be flat and four¬ 
dimensional. The Lagrangian of this theory is 


C = xi'f^D^P+x = + Af,)P+x ■ (E.19) 

It is invariant under the transformations 

/ 

X = 

A' = 

with the corresponding current 

J^{x) := ix{x)T,7^P+x{x) • (E.21) 

Again the current is conserved on the classical level, i.e. we have 

D,J^{x) = 0 , (E.22) 


a 'x 

-1 


9 {A + d)g, 


(E.20) 


In order to check whether the symmetry is maintained on the quantum level, one once 
again has to study the transformation properties of the measure. The result of such a 
calculation (see for example [134], [109]) is^ 

+ A,A,A,)] . (E.23) 

If the chiral fermions couple to Abelian gauge helds the anomaly simplihes to 

D,mx)) = ■ {qm) • (E.24) 

Here we used Ta = iqa which leads to D = d + iqaAa, the correct covariant derivative 
for Abelian gauge helds. The index a now runs from one to the number of Abelian 
gauge helds present in the theory. 


Consistency conditions and descent eqnations 

In this section we study anomalies related to local gauge symmetries from a more 
abstract point of view. We saw above that a theory containing massless spin-1 particles 
has to be invariant under local gauge transformations to be a consistent quantum 
theory. These transformations read in their inhnitesimal form A^{y) —>■ A^{y)+Dfj^e{y). 
This can be rewritten as A^b{y) —>■ A^b{y) ~ 1 J d'^x ea{x)Ta{x)A^b{,y), with 


-iTa{x) 


d 5 

dxf^ 6Af,a{x) 


Cabc-^fi^ i^x') 


6 

dA^c{x) 


(E.25) 


^Note that this anomaly is actually purely imaginary as it should be in Euclidean space, since it 
contains three factors of F = —Ha- 
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Using this operator we can rewrite the divergence of the quantum current (E.IO) as 

Ta{x)X[A]=Ga[x-,A] . (E.26) 

It is easy to show that the generators Ta^x) satisfy the commutation relations 

[Ta{x), %{y)] = iCaMx)5{x - y) . (E.27) 

From (E.26) and (E.27) we derive the Wess-Zumino consistency condition [136] 

Ta{x)Gb[y, A] - Tb{y)Ga[x] A] = iGabJ{x - y)Gc[x-, A] . (E.28) 

This condition can be conveniently reformulated using the BRST formalism. We in¬ 
troduce a ghost held c(x) := Ca{x)Ta and dehne the BRST operator by 


s7l := -Dc , (E.29) 

sc := ~[c,c] . (E.30) 


s is nilpotent, s^ = 0, and satishes the Leibnitz rule s{AB) = s{A)B ± As{B), where 
the minus sign occurs if R is a fermionic quantity. Furthermore, it anticommutes with 
the exterior derivative, sd + ds = 0. Next we dehne the anomaly functional 

G[c]A\ := J d'^x Ca{x)Ga[x; A] . (E.31) 

For our example (E.23) we get 


G[c] A] 


i 

24 ^ 


tr < c d 


Ad A “t" —A 
2 



(E.32) 


Using the consistency condition (E.28) it is easy to show that 


sG[c; A] = 0 . 


(E.33) 


Suppose G[c; A] = sF[A] for some local functional F[A]. This certainly satishes (E.33) 
since s is nilpotent. However, it is possible to show that all these terms can be cancelled 
by adding a local functional to the action. This implies that anomalies of quantum 
held theories are characterized by the cohomology groups of the BRST operator. They 
are the local functionals G[c; A] of ghost number one satisfying the Wess-Zumino con¬ 
sistency condition (E.33), which cannot be expressed as the BRST operator acting on 
some local functional of ghost number zero. 

Solutions to the consistency condition can be constructed using the Stora-Zumino 
descent equations. To explain this formalism we take the dimension of space-time to 
be 2n. Consider the {2n + 2)-form 


1 

{n + 1)! 


tr 


chn+i(A) : 


iF 


n+l 


(E.34) 
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which is called the (n+l)-th Chern character^. As F satisfies the Bianchi identity we 
have dF = [A, F], and therefore, trF"'"''^ is closed, d tTF^~^^ = 0. One can show (see 
[P4] for details and references) that on any coordinate patch the Chern character can 
be written as 

ch„+i(A) = d02n+i, (E.35) 

with 

Sl2„+i(-4) = 1 ^ dt ti(AFn . (E.36) 

Here Ft := dAt + and At := tA interpolates between 0 and A, if t runs 

from 0 to 1. VL 2 n+i{A) is known as the Chern-Simons form of ch„_|_i(A). From the 
definition of the BRST operator and the gauge invariance of trF"'”''^ we find that 
s(trF"'+^) = 0. Hence (i(s02n+i(A)) = —sdf22n+i(A) = —s(ch„+i(A)) = 0, and, from 
Poincare’s lemma, 

sQ 2 n+i{A) = dQl^{c,A) . (E.37) 

Similarly, d{sQlni<^, A)) = —s^f22n+i(A) = 0, and therefore 

s^L(c, A) = d02n-i(c, A) . (E.38) 

(E.37) and (E.38) are known as the descent equations. They imply that the integral of 
f22n(C; A) over 2n-dimensional space-time is BRST invariant. 


sj OL(c,A)=0. (E.39) 

d M2n 


But this is a local functional of ghost number one, so it is identified (up to possible 
prefactors) with the anomaly G[c; A]. Thus, we found a solution of the Wess-Zumino 
consistency condition by integrating the two equations dVL 2 n+i{A) = ch„+i(A) and 
df22 n(cA) = sf22n+i(A). As an example let us consider the case of four dimensions. 
We get 


fi5(A) 


Vt\{c,A) 


1 

2 




dt tr(AF)^) 






(E.40) 

(E.41) 


Comparison with our example of the non-Abelian anomaly (E.32) shows that indeed 


G[c] A] = —27r 


fl^cA) . 


(E.42) 


more precise definition of the Chern character is the following. Let Let A be a complex vector 
bundle over M with gauge group G, gauge potential A and curvature F. Then ch(A) := tr exp (|^) 

is called the total Chern character. The jth Chern character is chj{A) := jj-tr ■ 
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Having established the relation between certain polynomials and solutions to the Wess- 
Zumino consistency condition using the BRST operators it is actually convenient to 
rewrite the descent equations in terms of gauge transformations. Dehne 


G[e;H] := / d'^x ea{x)Ga[x-, A] 


(E.43) 


From (E.29) it is easy to see that we can construct an anomaly from our polynomial 
by making use of the descent 

Grn+i{^) = dVt2n+i{A) , 5fP.2n+i{^) = dVL\^[e, A), (E.44) 

where d^^A = De. Clearly we hnd for our example 




487r^ 


tr < e d 


AF - 

2 


and we have 


G[e, H] — 271J Vt\(ye^ A) . 
We close this section with two comments. 


(E.45) 

(E.46) 


• The Chern character vanishes in odd dimension and thus we cannot get an anomaly 
in these cases. 


• The curvature and connections which have been used were completely arbitrary. 
In particular all the results hold for the curvature two-form R. Anomalies related to 
a breakdown of local Lorentz invariance or general covariance are called gravitational 
anomalies. Gravitational anomalies are only present in 4m -|- 2 dimensions. 


E.2 Anomalies and index theory 

Calculating an anomaly from perturbation theory is rather cumbersome. However, 
it turns out that the anomaly G[a;;A] is related to the index of an operator. The 
index in turn can be calculated from topological invariants of a given quantum held 
theory using powerful mathematical theorems, the Atiyah-Singer index theorem and 
the Atiyah-Patodi-Singer index theorem®. This allows us to calculate the anomaly 
from the topological data of a quantum held theory, without making use of explicit 
perturbation theory calculations. We conclude, that an anomaly depends only on the 
held under consideration and the dimension and topology of space, which is a highly 
non-trivial result. 

Indeed, for the operator appearing in the context of the chiral anomaly the 

Atiyah-Singer index theorem (c.f. appendix B.4 and theorem B.45) reads 

= [ [ch{F)A{M)U • (E.47) 

_ Jm 


®The latter holds for manifolds with boundaries and we will not consider it here. 
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We studied the chiral anomaly on flat Minkowski space, so A{M) = 1. Using (B.51) 
we And 



and 



which is the same result as (E.17). We see that it is possible to determine the structure 


of G[x] A\ using the index theorem. 

Unfortunately, in the case of the non-Abelian or gravitational anomaly the calcula¬ 
tion is not so simple. The anomaly can be calculated from the index of an operator in 
these cases as well. However, the operator no longer acts on a 2?7,-dimensional space, 
but on a space with 2?7, -|- 2 dimensions, where 2n is the dimension of space-time of the 
quantum field theory. Hence, non-Abelian and gravitational anomalies in 2n dimen¬ 
sions can be calculated from index theorems in 2?7, -|- 2 dimensions. Since we do not 
need the elaborate calculations, we only present the results. They were derived in [13] 
and [12] and they are reviewed in [11]. 

We saw already that it is possible to construct solutions of the Wess-Zumino con¬ 
dition, i.e. to And the structure of the anomaly of a quantum field theory, using the 
descent formalism. Via descent equations the anomaly G[c;A] in dimension 2n is re¬ 
lated to a unique 2n + 2-form, known as the anomaly polynomial. It is this 2n + 2-form 
which contains all the important information of the anomaly and which can be cal¬ 
culated from index theory. Furthermore, the 2n -|- 2-form is unique, but the anomaly 
itself is not. This can be seen from the fact that if the anomaly G[c; A] is related to 
a 2n -|- 2-form J, then G[c, A\ -|- sF[A\, with a 2n-form F[A] of ghost number zero, is 
related to the same anomaly polynomial /. Thus, it is very convenient, to work with 
anomaly polynomials instead of anomalies. 

The only fields which can lead to anomalies are spin-i fermions, spin-| fermions and 
also forms with (anti-)self-dual field strength. Their anomalies were first calculated in 
[13] and were related to index theorems in [12]. The result is expressed most easily in 
terms of the non-invariance of the Euclidean quantum effective action X. The master 
formula for all these anomalies reads 



(E.50) 


where dl^n = Sl 2 n+i , dl 2 n+i = l 2 n+ 2 - The 2n + 2-forms for the three possible 
anomalies are 



(E.51) 


(E.52) 


(E.53) 
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To be precise these are the anomalies of spin-i and spin-| particles of positive chirality 
and a self-dnal form in Euclidean space under the gauge transformation 5A = De and 
the local Lorentz transformations 6u = De. All the objects which appear in these 
formulae are explained in appendix B.4. 

Let us see whether these general formula really give the correct result for the 
non-Abelian anomaly. From (E.8) we have 6X = —i f e{x)G[x] A] = —iG[e;A]. 
Next we can use (E.46) to hnd 6X = —2mVL\{e,A). But —2xD\{e,A) is related to 
—27rch„+i(A) = — 27r[ch(F)]2n+2 via the descent (E.44). Finally — 27r[ch(F)]2n+2 is ex¬ 
actly (9.31) as we are working in flat space where A{M)=1. 


The spin-1 anomaly® is often written as a sum 


/-(1/2) _ 7-(1/2) , r(l/2) , 7-(1/2) 

^ gauge ' ^ mixed ' grav ’ 

(E.54) 

with the pure gauge anomaly 


Igauge ■= [ch(A)]2n+2 = ch„+l(A) , 

(E.55) 

a gravitational anomaly 

Dll = li(M)]2„+2 , 

(E.56) 

and hnally all the mixed terms 


7-(1/2) r(l/2) _ Til/2) _„r(l/2) 

^mixed ' ^ igauge ‘'^grav ' 

(E.57) 


n is the dimension of the representation of the gauge group under which F transforms. 


Anomalies in four dimensions 

There are no purely gravitational anomalies in four dimensions. The only particles 
which might lead to an anomaly are chiral spin-1/2 fermions. The anomaly polynomials 
are six-forms and they read for a positive chirality spinor in Euclidean space^ 

= -21, chi,(/l) = ■ (E.58) 

The mixed anomaly polynomial of such a spinor is only present for Abelian gauge helds 
as ti{Ta)Fa vanishes for all simple Lie algebras. It reads 

F) = - "'-^-irRhiF = —. (E.59) 

rmxedV > > (27r)^3! 8 (27r)^3! 8 ^ ^ ’ 


®We use the term “anomaly” for both G[x]A\ and the corresponding polynomial I. 

^Note that the polynomials are real, since we have, as usual, A = AaTa and Ta is anti-Hermitian. 
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Anomalies in ten dimensions 


In ten dimensions there are three kinds of helds which might lead to an anomaly. 
These are chiral spin-3/2 fermions, chiral spin-1/2 fermions and self-dnal or anti-self- 
dnal hve-forms. The twelve-forms for gauge and gravitational anomalies are calculated 
using the general formulae (9.31) - (9.33), together with the explicit expressions for 
A{M) and L{M) given in appendix B.4. One obtains 


iSif(R) = 


(27r)'’6! 


-TrF^ 


-^ (—tiR^TTF^ + — (tri?02TrF2 - -tri^^TrF^ 

(27r)''6! Vl6 64^ ^ 8 


(27r)^6! V 504 


^ -tri?® - —tiRhiR^ 


384 


4608 


(tri? 


2\3 


1 / 55 75 35 , 

-^ —tri?®- tiRH tR^ H- (tiR^)^ 

(27r)®6! V56 128 512^ ^ 

f-^tri?® + -tiRhiR^ - ^{tiRy 
(27r)®6! V 504 12 7T ’ 


(E.60) 


The Riemann tensor R is regarded as an SO{9, 1) valued two-form, the trace tr is over 
S'O (1,9) indices. It is important that these formulae are additive for each particular 
particle type. For Majorana-Weyl spinors an extra factor of | must be included, 
negative chirality spinors (in the Euclidean) carry an extra minus sign. 
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